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,

. 225 3)

.

2
4) . 1 , Stochastic Volatility; SV) . SV

, . , SV

. , SV ,

225 , (1998), (2006) .

1 , Engle (1982) ARCH (Autoregressive Conditional Heteroskedasticity)

Bollerslev (1986) GARCH (Generalized-ARCH) . ARCH
5) , .

, ARCH t t− 1 ,

. ,

( ) . , GARCH

, . ,

, Nelson (1991) EGARCH (Exponential-GARCH) , Glosten et al.

(1993) GJR . , ,

Baillie et al. (1996) FIGARCH (Fractionally Integrated GARCH) ,

Bollerslev and Mikkelsen (1996) FIEGARCH .

ARCH 225 , (1999) (2000)

(2003) (2003) (2006), ( ) (2008) Satoyoshi and Mitsui (2011),

(2013) . (1999) , GARCH GJR

. (2000) , GARCH Duan (1995)

(Locally Risk-Neutral Valuation Relationship; LRNVR) . (2003), (2006) ,

GARCH , GJR , EGARCH t

. , (2006) , ARCH SV

. ( ) (2008) , FIEGARCH

. Satoyoshi and Mitsui (2011) , Markov-Switching ( , MS )

MS-GARCH . , (2013) ,

, t EGARCH

EGARCH , t EGARCH . , ARCH

225 6) .

3) 225 , website <http://www.ose.or.jp/derivative/225options>
.
4) , (2004) .
5)ARCH , Xekalaki (2010) .
6)Satoyoshi and Mitsui (2012) , MS-EGARCH 225 . Watanabe and

Ubukata (2009) Realized Volatility EGARCH FIEGARCH
. , Takeuchi-Nogimori (2012) , Hansen et al. (2012) Realized GARCH
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. 2 , ARCH

. ARCH

. 3 , GARCH , GJR , EGARCH

, .

, . 4 ,

. 5 , FIEGARCH

. 6 , ARCH

. MS-GARCH

. 7 , .

2 ARCH

2.1 ARCH

225 ARCH , GARCH , EGARCH

, GJR , FIEGARCH . AIC (Akaike’s Information Criterion) SIC (Schwart’s

Information Criterion) ,

. , GARCH(1,1) , GJR(1,1) , EGARCH(1,1) ,

FIEGARCH (1, d, 0) . , .

t 225 Rt .

Rt = μ + εt, (2.1)

εt = σtzt, σt > 0, (2.2)

zt ∼ i.i.d.E[zt] = 0, V ar[zt] = 1. (2.3)

μ zt i.i.d.

(independently and identically distributed) σ2
t

(A) – (D) .

(A) GARCH(1,1): σ2
t 2

.

σ2
t = ω + βσ2

t−1 + αε2t−1. (2.4)

, ω, α, β > 0 . ,

α + β < 1 .

(B) EGARCH(1,1):

.

ln(σ2
t ) = ω + β ln(σ2

t−1) + γzt−1 + α
(
|zt−1| −

√
2/π

)
. (2.5)

225 . , Woking Paper ,
.
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γ < 0 , , .

, ω, β, γ, α

. 0 < β < 1 ,

ω, α > 0, γ < 0 .

(C) GJR(1,1): εt−1 1, 0 D−
t−1 ,

.

σ2
t = ω + βσ2

t−1 + αε2t−1 + γD−
t−1ε

2
t−1, (2.6)

D−
t−1 =

{
1 εt−1 < 0,

0 otherwise.

γ > 0 , , .

, ω, α, β, γ > 0, α + β < 1 .

(D) FIEGARCH (1, d, 0): , .

ln (σ2
t ) = ω + [1 − β(L)]−1(1 − L)−dg(zt−1), (2.7)

g(zt−1) = θzt−1 + γ[|zt−1| − E|zt−1|].

θ < 0 , , .

, EGARCH ω, β, α, θ, γ

. (1 − L)d d 7) . 0 < d < 1

, σ2
t . , 0 < d < 0.5

, 0.5 ≤ d < 1 . d = 1 , σ2
t

. d = 0 d = 0 , Nelson (1991) EGARCH (1,0)

. (1 − L)d , .

(1 − L)d =
∞∑

k=0

Γ(d + 1)
Γ(k + 1)Γ(d − k + 1)

Lk

= 1 +
∞∑

k=1

d(d − 1) · · · (d − k + 1)
k!

(−Lk). (2.8)

, Γ(·) (gamma function) 8) .

, (2.3) (Maximum Likelihood)

. ,

(Monte Carlo simulation) .

7)k (autocorrelation coefficient) ρ(k) ,
∞

k=1

|ρ(k)| < ∞ ,
∞

k=1

|ρ(k)| = ∞

. , (2003), (2007) .
8) .

Γ(ν) =
∞

0
xν−1e−xdx, for ν > 0.
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�
R1

1

Rt

t

S
(i)
t+1

t + 1

S
(i)
t+2

t + 2

· · ·

· · ·

S
(i)
T

T

�� ��

1: ; (2013)

2.2

225

(risk premium)

r 9) t T Ct K

t Pt Ct Pt , ,

.

Ct = e−(T−t)rE [Max (ST − K, 0)] , (2.9)

Pt = e−(T−t)rE [Max (K − ST , 0)] . (2.10)

ST ARCH

N N ST

(
S

(1)
T , S

(2)
T , . . . , S

(N)
T

)
S

(i)
T i N

(law of large number) (2.9) (2.10) , ,

Ct ≈ e−(T−t)r 1
N

N∑
i=1

Max
(
S

(i)
T − K, 0

)
, (2.11)

Pt ≈ e−(T−t)r 1
N

N∑
i=1

Max
(
K − S

(i)
T , 0

)
. (2.12)

, , (variance reduction method)
10) .

1 , . R1 Rt

225 ARCH . ,

T 225 S
(i)
T ,

Ct, Pt .

9) t t t + 1 rt+1

. t T r = rt+1, rt+2, · · · , rT

10) , Broadie and Glasserman (1996), Boyle et al. (1997)
.
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3 GARCH , GJR , EGARCH

3.1

(1999) , 225 GARCH (1,1) GJR (1,1)

.
11) . GARCH (1,1) ,

Rt = σtzt, σt > 0, (3.1)

zt ∼ i.i.d.N(0, 1), (3.2)

σ2
t

nδ
t

= ω + β
σ2

t−1

nδ
t−1

+ α
R2

t−1

nδ
t−1

(3.3)

12) . , nt (t− 1) t +1 (t

(t − 1) ), δ t . , t =

, nt = 3 , nδ
t . , GJR (1,1) ,

(3.1) , zt (3.2) ,

σ2
t

nδ
t

= ω + β
σ2

t−1

nδ
t−1

+ α
R2

t−1

nδ
t−1

+ γD−
t−1

R2
t

nδ
t−1

, (3.4)

D−
t−1 =

{
1 zt−1 < 0,

0 otherwise.

.

225 1998 9 1 1995 12 7 , 799 . GARCH

(1,1) GJR (1,1) , (Maximum Likelihood method; ML)

. , , (2.11), (2.12)

. , .

225 1993 1 1995 12 ,

16241, 16729 . r , 1 CD (Certificate

of Deposit) . , (Mean

Absolute Percentage Deviation; MAPD) .

MAPD =
1
N

N∑
i=1

∣∣∣X̂i − Xi

∣∣∣
Xi

, X = C,P. (3.5)

X̂i B-S

Xi C P

N .
11) , French and Roll (1986), Nelson (1991), Noh et al. (1994) .
12) σ2 , .

σ2
t = nδ

t ω + n−δ
t−1 βσ2

t−1 + αR2
t−1 .
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, ,

. , GARCH(1,1) , GJR (1,1) B-S

, , OTM

. , GARCH (1,1) GJR (1,1)

, GJR (1,1) .

3.2

3.1 (1999) , Duan (1995)

GARCH GARCH

. (2000) , Duan (1995) (2.4), (3.2) Rt

GARCH (1,1) .

Rt = r + λσt − 1
2
σ2

t + εt. (3.6)

, λ . GARCH

, . , Duan (1995)

(LRNVR) 13) . P Q , LRNVR

Q (2.4), (3.2), (3.6) ,

Rt = r − 1
2
σ2

t + ξt, (3.7)

ξt|Ωt−1 ∼ i.i.d.N(0, σ2
t ),

σ2
t = ω + βjσ

2
t−1 + αi(ξt−i − λσt−1)2 (3.8)

. , Ωt−1 t− 1 t− 1 . Q

, λ

. , T , K ,

Ct = e−(T−t)rEQ[Max(ST − K, 0)|Ωt] (3.9)

. , .

225 , 1991 1 7 1997 12 30 , 1725 . GARCH

(1,1) GJR (1,1) , (Quasi-Maximum Likelihood method;

QML) . , (3.9)

.
13)LRNVR Q P , 3 .

1. St/St−1|Ωt−1 Q .

2. EQ St

St−1
Ωt−1 = er.

3. P ,

V arQ ln
St

St−1
Ωt−1 = V arP ln

St

St−1
Ωt−1 a.s.

EQ[·] Q , V arQ[·], V arP [·] Q, P .
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1: ; (2000)

S/K < 0.91 deep-out-of-the-money (DOTM) DITM

0.91 ≤ S/K < 0.97 out-of-the-money (OTM) ITM

0.97 ≤ S/K ≤ 1.03 at-the-money (ATM) ATM

1.03 < S/K ≤ 1.09 in-the-money (ITM) OTM

1.09 < S/K deep-in-the-money (DITM) DOTM

( ) S , K .

. 225 1995 1 1997 12 ,

262, 269 . r ,

. , (Mean Error Rate; MER)

2 (Root Mean Square Error Rate; RMSER)

.

MER =
1
N

N∑
i=1

(
X̂i − Xi

Xi

)
, (3.10)

RMSER =

√√√√ 1
N

N∑
i=1

(
X̂i − Xi

Xi

)2

, X = C,P. (3.11)

MER

1 RMSER , Bakshi

et al. (1997) 1 5 .

, ME Rate DOTM, OTM ITM, DITM B-S underpricing

. , OTM . , RMSE Rate

GARCH . , GARCH

B-S .

, ME Rate , , RMSE Rate DOTM

GARCH B-S

. , GARCH

. , GARCH

.

3.3

, Mandelbrot (1963), Fama (1965) (normal

distribution) 14) . (2003) ,

GARCH(1,1) , EGARCH(1,1) , GJR(1,1) , t

225 . , 225 Rt

σ2
t (2.1) – (2.6) . (2.3) zt

14) , (fat-tails), .
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.

zt ∼ i.i.d.t (0, 1, ν) (3.12)

, ν (degree of freedom) . Rt , (2.1)

. , ,

Rt = μ + λσ2
t + εt (3.13)

. , 225 ,

Rt .

Rt = μ + a + bRt−1 + λσ2
t + εt (3.14)

, a = b = λ = 0 , (2.1) .

, (2000) Duan (1995)

. Duan (1995) ,

GARCH(1,1) (3.8) , EGARCH(1,1) GJR(1,1) ,

, .

σ2
t = ω + βσ2

t−1 + (α + γD−
t−1) (εt−1 − λσt−1)

2 , (3.15)

ln(σ2
t ) = ω + β ln(σ2

t−1) + γ (zt−1 − λ) + α
(
|zt−1 − λ| −

√
2/π

)
(3.16)

, (2.11), (2.12) . ,

.

225 1991 2 26 2009 12 9 . ARCH

, . 225 1997 5 2002 4

, 609, 662 . 30

. , .

, (2000) (3.10) (3.11) MER RMSER

1 5 .

225 , . Duan (1995)

, .

, 225 , t GARCH, EGARCH,

GJR , ,

. , GARCH EGARCH, GJR

. ,

DOTM, OTM , ITM, DITM EGARCH, GJR

GARCH . , ITM, DITM ,

DOTM, OTM GARCH EGARCH, GJR

. EGACH GJR , ,

GJR .

9



4

4.1 ARCH

(2000) GARCH ,

. , ,

,

. (2003) ,

EGARCH(1,1) GJR(1,1) , MCMC (Markov-chain Monte

Carlo) .

, (2000) (3.6), (3.2) . ,

λ . GARCH(1,1), EGARCH(1,1),

GJR(1,1) , , (2.4), (2.5), (2.6) .

, . ,

. (3.6) λ ,

f(λ) ∝ I[λ > 0] (4.1)

. , I[·] 1 , 0 (indicator function) .

GARCH(1,1), EGARCH(1,1), GJR(1,1) 15) .

(A) GARCH(1,1): ω, α, β ,

f(ln(ω)) ∝ const, f(α, β) ∝ I[α > 0]I[β > 0]I[α + β < 1]. (4.2)

(B) EGARCH(1,1): ω, α, β, γ ,

f(ω) ∝ const, f(β) ∝ I[0 < β < 1], f(α) ∝ I[α > 0], f(γ) ∝ I[γ < 0]. (4.3)

(C) GJR(1,1): ω, α, β, γ ,

f(ln(ω)) ∝ const, f(α, β) ∝ I[α > 0]I[β > 0]I[α + β < 1], f(γ) ∝ I[γ > 0]. (4.4)

, const . Θ . , (posterior

distribution) .

f(Θ|data) ∝ f(data|Θ)f(Θ). (4.5)

, f(data|Θ) , f(Θ) .

, Tierney (1994) A-R / M-H (Acceptance-Rejection / Metropolis-Hastings)
16) .

15)GARCH(1,1), GJR(1,1) ω ln (ω) , ω
, , , ln (ω) .

16) Θ . , (posterior distribution) .

f(Θ|data) ∝ f(data|Θ)f(Θ).

, f(data|Θ) , f(Θ) .

10



4.2

(2003) , (2000), (2003) Duan (1995)

. Duan (1995) , GARCH (1,1), EGARCH(1,1),

GJR(1,1) , , (3.8), (3.15), (3.16) . , {Rt+1, · · · , RT }
. {Rt+1, · · · , RT } .

ST = St exp

(
T∑

i=t+1

Ri

)
. (4.6)

, , {Θ1, . . . ,ΘN} N

, ,

.

CMCMC
t = e−(T−t)rt

1
N

N∑
j=1

[Max (ST (Θj) − K, 0)] , (4.7)

P MCMC
t = e−(T−t)rt

1
N

N∑
j=1

[Max (K − ST (Θj), 0)] . (4.8)

, {Θ1, . . . ,ΘN} N ,

.

CMCMC
t = e−(T−t)rt

1
N

ΘN∑
j=Θ1

[
Max

(
St exp

(
T∑

s=t+1

Rj
s

)
− K, 0

)]
, (4.9)

PMCMC
t = e−(T−t)rt

1
N

ΘN∑
j=Θ1

[
Max

(
K − St exp

(
T∑

s=t+1

Rj
s

)
, 0

)]
. (4.10)

MCMC , ARCH

.

225 , 225 , ,

, (2000) . r , 1

. , B-S GARCH, EGARCH, GJR

, ATM, ITM , , DOTM, DITM .

, GARCH, EGARCH, GJR , ( OTM ATM,

ATM ITM) , GJR , .

, . , Duan (1995)

, (2003)

.

5

( ) (2008) , 225

. , ,

11



FIEGARCH . ,

, t 225 St , Rt

.

Rt = ln(St) − ln(St−1) + div,

= rt − 1
2
σ2

t + εt. (5.1)

, div , rt

. , (3.6) .

σ2
t , (2.7) FIEGARCH(1,d,0)

, (2.4) GARCH(1,1) (2.5)

EGARCH(1,1) . Duan (1995) , (2.7)

.

ln (σ2
t ) = ω + [1 − β(L)]−1(1 − L)−dg(ut−1), (5.2)

g(ut−1) = θ(ut−1 − λ) + γ[|ut−1 − λ| − E|zt−1|],
ut = zt + λ.

FIEGARCH (1,d,0), EGARCH(1,1) , GARCH(1,1) ,

. (2.11), (2.12)

. , Duan and Shimonato (1998) (Empirical

Martingale Simulation; EMS) 17) . .

225 225 15:00 . , 225

15:10 . 15:00

. 225 2001 4 2007 9

, 715, 730 . rt ,

1 CD . , , 0.5% 18) .

, (3.10) (3.11) MER RMSER

(Mean Error; ME) 2 (Root Mean Square Error; RMSE)

.

ME =
1
N

N∑
i=1

(
X̂i − Xi

)
, (5.3)

RMSE =

√√√√ 1
N

N∑
i=1

(
X̂i − Xi

)2

, X = C,P. (5.4)

, , 1 5 .

, FIEGARCH ,

, FIEGARCH RMSE
17) , ( ) (2008) B .
18) , B-S .

12



. ,

, . ,

T ST . ST

B-S GARCH , EGARCH

FIEGARCH .

. , FIEGARH (2003),

(2003), (2006) .

6 ARCH

6.1 Markov-Switching

Hamilton and Susmel (1994) Cai (1994) ARCH

Markov-Switching ARCH (MS-ARCH) , Gray

(1996) ARCH

Markov-Switching GARCH (MS-GARCH) Satoyoshi and

Mitsui (2011) , Gray (1996) MS-GARCH 225 .

Rt (2.1) σ2
t .

σ2
t = ωst + αstε

2
t−1 + βstE[σ2

t−1|Ωt−2], (6.1)

ωst = ω0(1 − st) + ω1st, (6.2)

αst = α0(1 − st) + α1st, (6.3)

βst = β0(1 − st) + β1st. (6.4)

σ2
t t − 1 Ωt−1 = {Rt−1, Rt−2, · · · } t st

εt σ2
t = V ar[εt|It−1, st] (6.1) Ωt−2 t− 2

Ωt−2 = {Rt−2, Rt−3, · · · } (6.2) (6.3) (6.4) st

(transition probability)

Pr[st = 1|st−1 = 1] = p, Pr[st = 0|st−1 = 0] = q (6.5)

Pr[st = j|st−1 = i] i j st = 0

σ2
0t st = 1 σ2

1t σ2
t{

st = 0 σ2
0t = ω0 + α0ε

2
t−1 + β0E[σ2

t−1|Ωt−2]
st = 1 σ2

1t = ω1 + α1ε
2
t−1 + β1E[σ2

t−1|Ωt−2]

zt , (3.2) (3.12) t . , MS

GARCH .

225 1990 2 22 2005 3 10 . MS-GARCH

, . , , (2.11),

(2.12) .

13



. 225

2000 5 2005 4 , 608,

671 . 20 . ,

. , (2000) (3.10) (3.11)

MER RMSER . , , 1 5

.

MER GARCH

RMSER t MS-GARCH

MS-GARCH DOTM

OTM ATM, ITM B-S underpricing

DOTM OTM , MER t

MS RMSER t

GARCH

. , MS-GARCH B-S

. t MS

.

6.2

ARCH 225 ,

. Haas et al. (2004) Alexander and Lazar (2006) ,

GARCH GARCH

. , (2013) , Haas et al. (2004) Alexander and Lazar (2006)

GARCH , EGARCH EGARCH

, .

EGARCH , .

Rt|It−1 ∼ NM(p1, · · · , pK ; μ1, · · · , μK ; σ2
1t, · · · , σ2

Kt), (6.6)

lnσ2
it = ωi + βi lnσ2

i,t−1 + θzi,t−1 + γ (|zi,t−1| − E (|zt−1|)] , (6.7)

zi,t−1 = [Rt−1 − E(Rt−1|It−2)] /σi,t−1, i = 1, 2, · · · , K (6.8)

, NM , Normal Mixture 19) . (6.7) E (|zt−1|)
√

2/π ,
19) X K ,

f(x) =

K

i=1

piφ(x;μi, σ
2
i )

pi pi ∈ (0, 1) i = 1, 2, · · · , K K
i=1 pi = 1 φ(x; μi, σ

2
i ) ,

φ(x; μi, σ
2
i ) =

1

2πσ2
i

exp − (x − μi)2

2σ2
i

, .

X ∼ NM(p1, · · · , pK ; μ1, · · · , μK ; σ2
1 , · · · , σ2

K).

14



4 , K = 4 . ,

t t . ν K = 4

t .

Rt|It−1 ∼ tM(p1, · · · , p4; μ1, · · · , μ4; σ2
1t, · · · , σ2

4t; ν) (6.9)

, tM , t Mixture . , (6.7) E (|zt−1|)
[
2
√

ν − 2Γ((ν + 1)/2)
]
/ [(ν − 1)Γ(ν/2)

√
π]

t EGARCH .

225 1991 2 26 2009 12 9 . GARCH

, . , (1999), Satoyoshi and Mitsui

(2011) 20) ,

.

. 225 2005 6 2010 1 56 ,

741, 816 . 30

. , CD , 1 CD

1

, (2000) Satoyoshi and Mitsui (2011) (3.10)

(3.11) MER RMSER . (2013) ,

Duan et al. (2006) Benhamou et al. (2010) very-deep-out-of-the-money

(VDOTM) very-deep-in-the-money (VDITM) 2 7
21) .

, EGARCH

, , VDOTM DOTM .

, , EGARCH t EGARCH

. B-S .

, 1 .

,

. , 225 ,

. , ,

.

7

, ARCH 225

. ARCH , B-S

20) , 4
.

21)Bakshi et al. (1997) 5 DOIM DOTM
.

15



2: ; (2013)

S/K < 0.85 very-deep-out-of-the-money (VDOTM) VDITM

0.85 ≤ S/K < 0.91 deep-out-of-the-money (DOTM) DITM

0.91 ≤ S/K < 0.97 out-of-the-money (OTM) ITM

0.97 ≤ S/K ≤ 1.03 at-the-money (ATM) ATM

1.03 < S/K ≤ 1.09 in-the-money (ITM) OTM

1.09 < S/K ≤ 1.15 deep-in-the-money (DITM) DOTM

1.15 < S/K very-deep-in-the-money (VDITM) VDOTM

( ) S , K .

, , ARCH

.

ARCH , B-S

. GARCH, EGARCH, GJR

, GJR . , FIEGARCH

, MS-GARCH , EGARCH ,

. , , 225

225 , t ,

, , Duan (1995)

.

, Kim (2002) , 225

. ,

. , CD

. , , ,

.

B-S Heston and Nandi (2000) GARCH

. Engle and Ng (1993) NGARCH (Nonlinear

asymmetric GARCH) ARCH MS-EGARCH

, 225 ARCH . ,

225 .

Realized Volatility Realized GARCH

. Duan (1995) Siu et al. (2004)

. , ARCH

. ,

(implied volatility) (volatility smile)

.

16
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