Overview of Morrey spaces

Yoichi Miyazaki’

1 Introduction

The Sobolev space plays an important role in the theory of partial differential equations, combined with functional
analysis. Smoothness of functions is measured by the norm of the Lebesgue space L,(R") if the functions belong
to the Sobolev space. The Triebel-Lizorkin space and Besov space are generalizations of the Sobolev space, and
they can deal with smoothness of functions more precisely. In recent years it has turned out that the Morrey space
is useful to measure the size of functions and compensate the deficit of the Lebesgue space. For example, the
function |z |~"/? does not belong to the Lebesgue space L,(R"), but it belongs to the Morrey space M, 4(R") if
0 < g <p< oo. Accordingly, we expect that investigation of functions by the Morrey space provides us with
fruitful results. By replacing the Lebesgue space L, with the Morrey space M, , in the definitions of the Sobolev
space, Triebel-Lizorkin space and Besov space, we obtain the definitions of the Sobolev-Morrey space, Triebel-
Lizorkin-Morrey space and Besov-Morrey space, respectively.

Most results obtained for the Ly-based space can be carried over to the M, -based space. For example, it is
known that if a(&) is a symbol of order 0, then the operator a(D) is bounded on L,(R") for 1 < p < co. We can
assert that a(D) is also bounded on M, 4(R") for 1 < ¢ < p < co. The key idea of extending the results for the
Lebesgue space to the Morrey space is found in Peetre’s paper [4]. First we split a function f into f= fo + fi,
where fo is supported in the ball of radius R centered at a point a, and f1 vanishes in this ball. Then we apply the
result for the Lebesgue space to fo and evaluate the term involved with f1 by the Morrey norm.

The fundamental results related to the Morrey space are scattered in many papers, and some of them have only
sketch of their proofs. The aim of this study is to collect the fundamental results on the Morrey space and give
their proofs in detail so that they are easily accessible for those who want to apply Morrey spaces to their own
studies. Some theorems will be proved in a way different from the known proofs. As analysis using the Morrey

space is developing mathematical science, it will be useful to the study of economics.
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2 Basic properties of Morrey spaces

For 1 < p < oo let L,(Q) be the space of p-integrable functions on a domain Q of R" with the norm || - ||z, («).

When Q = R”, we often write || f||z, or [ fllp for || fllz,®n).
Let B(z, R) be the open ball with center € R" and radius R > 0. For 0 < ¢ < p < 0o we set

11 é
oy = sup | B|5 ( / \f(w)\qdm>
B B

for a measurable function f, where the supremum is taken over all balls B in R". We define the Morrey space

1fllagy. = I1f

M, ((R"™) to be the space of all measurable functions f satisfying || f||p,q < 00. When p = ¢, the Morrey space

M, 4 coincides with the Lebesgue space L,(R"):
]Wp,p(Rn) = Lp(Rn)~

The Morrey space is sometimes denoted by Lgx(R™) with 0 < ¢ < oo and 0 < A < n, which consists of all

measurable functions f such that the norms

1
q

Iflq,A:—< sup R / If(y)lqdy>
R>0, z€R™ B(a,R)

are finite. It is easy to see that M), (R™) = L, A (R™) if A = n(1—q/p).
The scaling of fby A > 0 is defined by

lx) = f(Ax).

For a ball B= B(a, R) and A > 0 we set AB = B(a, AR). As observed from the following two lemmas, the index

p plays a central role in the Morrey space M, , rather than g.
Lemma 2.1. For A > 0 and fe M, (R™) with 0 < ¢ < p < co we have

12 lla,, =277

Fllaz, -
Proof. The change of variables Ax = y gives

it ([ lsomrar) = st (v [ i)

=N ABI? 9| fll,m)-

Taking the supremum, we obtain the lemma. U]
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Lemma 2.2. The function ||~ # belongs to M, ,(R") for 0 < q < p < oo, although |z|~ % ¢ L,(R™).

Proof. Note that |z| /? > R for € B(0, R) =: B(R), and |z| /» < R™"? for z € B(0, R)°. In addition,
|B(a, R)\ B(0, R)| = |B(0, R)\ B(a, R)|. Hence

/ (|x|*%)qczx=/ |lz| =% d:ch/ 2|~ da
B(a,R) B(a,R)NB(0,R) B(a,R)\B(0,R)

< 2|~ da

lz| =% da +

/B(a,R)mB(o,R) /B(O,R)\B(a,R)

ng B 1 .
:/ ‘T|77 dl’:MRnﬂf; .
B(0,R) 1_

q
P
This implies that the Morrey norm of || # is bounded by |B(1)|"/?(1 — %)71/(1. ]

Lemma 2.3. Let 0 < g < q1 <p < 0. Then
MP7Q1 (Rn) - ]\/IP»Q(R”)

Proof. The lemma follows from Holder’s inequality or Jensen’s inequality for convex functions:

1

<ﬁ/}3\f(x)\qu>“ - <|71‘/B|f(m)|‘h dx>"1{

0]

Lemma 2.4. Let f€ M, ((R") with 1 < q < p < co. Then for a ball B we have

1
[ 1@y < B3 £l .
B
Proof. Holder’s inequality gives

[ £y < 1Bl < Bl

which is the desired result. L]

Lemma 2.5. For 1 < ¢ < p < oo we have M, ,(R") C S'(R"™) by defining the pairing
(froy= [ [f@)p(x)dz  for fe Mpy(R"), ¢ € SR™).
RTL

Remark. 1t is obvious that f€ M, is a Schwartz distribution for 1 < ¢, since M, , C L{°°. The lemma asserts

more strongly that f is a tempered distribution.

Proof. Let Q= B(0, 1) and ©; = B(0, 29)\ B(0, 2/°1) for j € N. Since ¢ € S(R"™) satisfies |¢(z)| < (1 + |z[)~™,

we have
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Oo—n(*—)

a|<2i

Z OB, 2) 7 (g S D027 I lpa
7=0

7=0

This implies that f is a bounded linear functional on S

U]
Lemma 2.6. Let 0 < ¢ < p < 0. The space M, ,(R™) N Lo (R™) is not dense in the Morrey space M, (R")
Accordingly, neither C§°(R™) nor S(R™) is dense in M, ,(R")

Proof. This lemma is found in [7, p25], but the proof is omitted. Set f(x)
Choose € so that € ™/? = ||g||

|| 7"/7, and let g € Mp.q(R") N Loo(R")
Then we have, for || < 27P/7¢,
f(x) = g(@)] > |27 — e /P > Jla| TP

Hence, with B(r) = B(0, r) for r > 0,

_r 1_
1 = gllas,., > [B2"e)|7

1/q 1
B(1)|»
% / K |x‘7nq/pd:v _ | ()‘
B(2 ne) (

_ 4
1-1)

Q=

Since the last constant depends only on n, p and g, we obtain the lemma

Lemma 2.7. Let 1 < ¢ < p < 00. 4 polynomial P(x) belongs to M, ,(R") if and only if P(x) = 0.
Proof. Assume that P(x) is a polynomial and not identically 0. Then there exist Ry > 0, § > 0 and w € R" with
|w| =1 such that |P(z)| > 1if |z|> Roand |z/|z|—w]| < d. Let E be the cone defined by

E={z e R"\{0} : |a/la] - w| < 6},

For R > 2R, we have

1
| Pl L, Bo.r) = |(B(0, R)\ B(0, R/2)) N E|
which gives

|Pllpg > |BO, R~ 7]|Pll,

1
LyBo.R) 2 B0, R)[7.
Since |B(0,R)| — oo as R — oo, we have P ¢ M, ,(R")
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3 Hardy-Littlewood maximal operators

For a locally integrable function f we set

1

M f(x) = sup

fy)|dy.
S BO.R)] Sy T

We call M the Hardy-Littlewood maximal operator.

Theorem 3.1. (i) Let 1 < p < oco. M is bounded on L,(R") and satisfies

1
3mp \ P
e, <2 (22 1l

(ii) For fe Li(R™) and A > 0 we have

3n
>3 <[ sl

Proof. See Theorem 1.45 and Corollary 1.3 in [6]. We note that (i) follows from (ii) and the obvious inequality
|Mfllso < |Iflloc by using the Marcinkiewicz interpolation theorem.

Theorem 3.2 (Chiarenza-Frasca 1987). (i) Let 1 < ¢ < p < oo. Then M is bounded on M, ((R") and satisfies

M flIrty.q Snpa 1162y,
(ii) Let 1 < p < oo. Then for A > 0 and a ball B

BI'»
1027 > 3 0B Sy L

Proof. The proof by Chiarenza-Frasca [1] uses the dual inequality of Stein-type (see [6, Corollary 1.3, p112]).
For (i) we give here another proof which uses the L, boundedness of M. Take xo € R" and R > 0 arbitrarily, and set

Qo = B(z0,2R), Q; = B(20,2” "' R) \ B(%0,2’R) for j € N. (3.1)

In what follows we write B(xo, R) simply as B(R). Following the method of Tang-Xu [11], we set f; = fxq,

and decompose f as

f= ij-
=0

Since M f <> . M f;, Minkowski’s inequality gives
7 J
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(/B(R)(qudr>; i()(/ (M f;) da>lll.

For fo we use the L, boundedness of M to get

1M foll,B(ry S L, BizRr)) < |B(2R)| "7

Let j > 1. For € B(R) we have

(2+R)|1_’ Sy =L
(M) < [y f, 170180 S P 1 € 1B 3151

Hence

1 ; _1 _in
M fillL,Bry S IBR)|IBERR) % | fllpg S27 7 [B(R

Combining the above inequalities, we get

oo
_in
M fllpg S 1"‘22 v

j=1
which yields the theorem.

For (ii) we follow the method of Chiarenza-Frasca [1]. For a weight w, i.e. a non-negative function on R", we
denote by w(D) for a measurable subset D. We use the same notation as in the proof of (i). Applying the dual

inequality of Stein-type (see [6, Theorem 1.45]) to the weight w = X p(r), we have

n

w(Mf >N =wlfe: M) > A) < 5 [ 17@M (@) de

By definition of the maximal function we find that

Mxpr(z) S1 for |z — x| < 2R;

R’n
M n-—————— for|z— x| > 2R.
XB(R)(T) S (Z—a —R)" | ol
Then
- |f(x)|R"
f(x)|Mx xdm,ﬁ/ f(x dx—i—i/ — dx
/]R" F(@IMx5w () B(2R)| (@) i /BE@IVIR\B(2/R) (|2 — 2ol = R)™

Rn
( 177”f”17 1+ Z/ 2i— I‘R)n dx

B+R) (

SIB®)T Hfllp,1+22 TBER) T fllpa

Jj=1

_1 = _in
SBR[ fllpa {1+ 27%
j=1
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On the other hand,
w(Mf>)\):/ XB(R)(ac)d:E:’{Mf>)\}ﬁB(R)|.
Mf>\
Summing up, we obtain (ii). ]

Theorem 3.3 (Fefferman-Stein 1971). Let 1 < p < 00 and 1 <r < oco. Let {f;} be a sequence of measurable

functions on R"™. Then

,‘
5

oo

> (Mg Snpr Z |fil”

j=1 =
LP LP

Proof. This theorem is the vector-valued maximal inequality, which was first obtained by Fefferman-Stein [2]. See

[6, Theorem 1.49] for a simpler proof. |

Theorem 3.4 (Tang-Xu 2005). Let 1 < ¢<p < oo and 1 <r < co. Let {f;} be a sequence of measurable
functions on R". Then

5
5

oo

>_(Mf) Snaar ||| 22117

j=1
My q Mp.q

Proof. We follow the method of Tang-Xu [11]. Let zg€R" and R > 0 fixed arbitrarily, and define Q; with i € Ny
as in (3.1). We decompose f; as

fi=>_f  f=fixa.
1=0

For ¢ = 0 we have, by Theorem 3.3,

[11{0 9 o IS <|B(2R)|" 4 ||{f;

For ¢ > 1 we use Minkowski’s inequality twice to get

/B<R) ‘OO M (ifjﬂ %dx E_ (i (ZMf) dzx

Sk
Q=

A
5
=

Jj=1 = J=1
1\ 4 : q :
(Mfi" dry < / (MfD) dx
/B(R> ; 7:21 ! ; B(R) ;
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Here we used [[{I[{@i;}elle, }ille, < I{I[{ais}5li, Yilli, for a double-indexed sequence {aij}ij in the second inequality,
and || >, gillq < -, 119illq in the third inequality.
For ¢ > 1 and = € B(R) we have

Sl
=

f:: iy )| = (S ey L wola)

j=1
1 > i
< W] d
= |B(2-1R)| B2i+1R) ;‘fj(y)l Y
|BEHIR)
< WH”UJ}W L, B@+iR)
<277 B@R)[F||I{£}, [
Therefore
[Ifes <Zf]>}]|l ooy < 222 FIBAIT I

Combining the estimates for 7 = 0 and ¢ > 1, we obtain the theorem.

4 Littlewood-Paley theory
We choose a C* function ¢ whose Fourier transform F4)(¢) = ¢(€) = [, e~ 274 (z) dz satisfies
XBoy < ¥ < XB0.2), (4.1)
where X p denotes the characteristic function of a subset D C R". We define a family of C* functions {¢;}jecz by
$;(6) = ¥(279¢) — P(2'e). (4.2)
We note that these functions satisfy the following properties:

0720, swppd; C{EYT <G <P 65(8) = do(277),

<£<§>:1 for ¢ R, D ¢ =1 for & R\ {0},

j=—oc

P(E) +

?Mg

It is convenient to define the spaces and norms of vector-valued functions

{fj}jEZ = ( o 7f—Z(z)7f—l(z)vf()(‘r)vfl(x)v fZ(z)v o )

onR™. Let 0 < ¢ <p < oo and 0 < 7 < oco. We denote by M, 4(R", I,) the space of all /,-valued functions {f;};jez
o .t
satisfying [[{f;}1, = ez [f;I")7 € Mpq(R™), and set

{7 Yl o) = WK S He ag,, (4.3)
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with the usual modification for 7 = 0o. The space L,(R",l,) and the norm I{f;} ||Lp(lr) are defined similarly.
The Littlewood-Paley theory for L, spaces, which is stated below, asserts that L,(R") is isomorphic to L,(R™l>)

in some sense.

Theorem 4.1. Let 1 < p < oco. Then
[I{5 = fYiezlall,, ~ IF1L,-

In other words,

2 1
5 P
00 2

LS weesi) dof ~ sl

j=—00
Proof. See [6, Theorem 3.2] L]

Theorem 4.2 (Mazzucato 2003). Let 1 < ¢ < p < oo. Then

2

(e o]
D Iy £ ~ ANty -
j=—00
Mp.q
In other words,
K
1,1 > 2
sup|B| "7 / Yo leix P de| ~ £l
B -

Theorem 4.2, which extends Theorem 4.1 to Morrey spaces, can be proved in the same line of the proof of
Theorem 4.1, although we need to avoid use of the duality argument that does not work for Morrey spaces. For the
proof of Theorem 4.2 we prepare some lemmas which are involved with the maps between M, 4(R", I») and

My q(R").

Lemma 4.3 (Khinchine’s inequality). Let {r;j(t)}jen be the Rademacher sequence of functions defined on [0, 1].
Let 0 < p < 00. For {a;}en € lo we have

o0
> ajr ~ [{a; M-
j=1

L,(0,1)

Proof. See [6, Theorem 3.1]. []
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Lemma 4.4. Let {r;(t)}jez be the Rademacher sequence of functions, which is rearranged so that the subscripts

j range over Z. Then

> orit)g(@)]| < 16i(@)] Sn |2l (4.4)

JEZ JEL

Jorte|0, 1] and x # 0.
Proof. The first inequality is obvious by |r;(¢)| < 1. Since |po(z)| < C(1 4 |z|)~" ! and ¢;(z) = 27" ¢o(27x),

we have

(27|=[)"
= ‘$|"Z |9;(2)] S Z (1+ [20z|)»+1
J

J

Choose I €Z so that 27! < |z| < 27!, Then

! n(j—1)

J< Z on(i=0) 4 Z 2(n+1)(j 5 _2n+122 l7=1| <ZQ \JI

j=—o0 j=l+1 JEL JEZL

which yields the lemma. L]

Lemma4.5. Let 1 < ¢ <p < 00.lf f€ M, (R"), then

JEZ

DOREYiE Snopa 1 fllvyq-

MPv‘I

Proof. Let xo € R™ and R > 0 fixed arbitrarily. Decompose f as
f=fo+ fi, Jo=fxser), fi=f(1-xBenr)

where B(2R) = B(xo, 2R). The result for L, spaces gives

Lo (e W) des [ e < (BRI )"

For fi we use Theorem 4.3 with a suitably arranged Rademacher’s sequence to get
q

/B(R) zj]@ fi(@)| daz</ dt/B(R) ri(t)¢; * fi(z)| dx

We note that
|z —y| > |y — xo| — |z — x| > 27 'R,

if z € B(R) = B(zo, R) and |y—x¢| > 2'R with i € N. For z € B(R) we have, by Lemma 4.4,
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. - % < _ —n d
3005 f(0) % [ el

S (2'R)™"|f(y)| dy
; /2’7R<|y7zo\§277+1R

oo

<Y @R TIBEIR)TE | fllpg
i=1

<|B |-ﬂ|f||pq22‘*-

Hence

a

2

_1 q 1,1 q
[\ Sk i@P ) do s B0 (1B 1)’ = (1BEF )"
B(R) j

Combining the estimates for fo and f1, we obtain the lemma. []

Lemma 4.6. If {f;}jcz € M, 4(R™,15), then the series Y- jez, i * f; =1 T({f;}) converges in M, (R"), and
the map {f;}jez — T({f;}) is a bounded linear operator from M, 4(R", 1) to M, 4(R™), i.e.

HZ@ o A TTTATIN v

Proof. The assertion on the M, , convergence can be seen from the fact that the calculations below hold for the
sum in j ranging over any subset of Z.

Let zo€R" and R > 0 fixed arbitrarily. We decompose f; as

fi= fj(')Jrfjlv fjo = fixB@R) fjl = fi(1 = xB@R),

where B(2R) = B(xo, 2R). From the result for L, spaces we have

TS Loy S I Lo < I aBerm S BERITF 1 M, )

which gives
1T DN,0 S IHFiH 0y 0 0)-

For z € B(R) = B(xzo, R) we have

S oy |<Z/ 165 — 1) W) dy

jez jez —x0|>2R

()2 L2 dy.
< /w_zom ;w W) ;m(y)\ y

[N
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Since the same argument as in the proof of Lemma 4.4 yields

2

SToi@)? | Sl

JEL
we have
Zm*f;(xns/ &=y 115} dy
JEL ly—wo|>2R
N Z 2'R) " I{fi(w)}Hli, dy
= J2iR<|y—wo|<2iH1R
S @R BEFRH I,
<S> o2 FIBR) T I Iy 1)
i—1
Hence
T({f} SIBR)| "7 Fa|{f;
1T D2,y S BE)T2 T {5, ,00)-
Combining the estimates for { f ]0 }and {f jl }, we obtain the lemma. L]

Proof of Theorem 4.2. Mazzucato [3] gave only an outline of the proof. We will prove this theorem in a slightly
different way by Lemmas 4.5 and 4.6.
The inequality < is Lemma 4.5 itself.

For the converse inequality 2 we consider the map f — > ez P * f as the composition of two maps

T: Mpq(R") = My q(R™, 12), Tf:=A{¢j* f}jez
S Mpo(R",l2) = My q(R"), SHAHD Z¢J *f = Z@J (¢j % f)
JEZ JEZ

with p; = ¢;_1 + &; + ¢;1, where the last equality follows from ¢; = ¢; * ¢;. Lemma 4.6 holds if ¢; is replaced
by ¢;. Combining this fact with Lemma 4.5, we find that the map f +— F := S(T'f) is a bounded operator from
M, 4 to itself. Since f coincides with £ in R\ {0} by >jez éj(f) = 1for & # 0, weknow that f — [ is supported
on the origin, and hence that f— F'is a polynomial. By Lemma 2.7 we obtain f = F. This completes the proof. []

5 Besov-Morrey and Triebel-Lizorkin-Morrey spaces

In this section we define various function spaces associated with the Morrey space, and show the embedding
theorems.

Let ¢ and {¢;}jez be as defined in (4.1) and (4.2). Remember that the space M, ,(R", I.) and the norm
[{f; I, 4(1,) are defined in (4.3). We also define I,(M,4(R")) to be the space of all I-valued functions {f;};ez
satistying {1/ a1, }ez € L, and sct
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i a0y = | D_(Ifillag,.,)"

JEL

The space I,(L,(R")) and the norm [[{f;}

Let 0 <g<p<o0,0<r< oo and s€R. The Triebel-Lizorkin-Morrey space &, , .(R") is the space of all

1.(Ly) are defined similarly.

tempered distributions f € S’(R™) whose quasi-norms

(oo}

es =10 fllag,, + ||| D27 165 = A"

j=1

[If]

My

2q

are finite. Similarly, the homogeneous Triebel-Lizorkin-Morrey space 5; ar (R™), the Besov-Morrey space N;, )

and the homogeneous Besov-Morrey space N, (R™) are defined by the quasi-norms

p,q,T

Ifllg, = 127205 % FHlag, o0 = ||| Do 27165+ fI7 »

j=—00
Mpvq
l.
£ s, =l Ffllag,, + | D275l * fllag,)" |
j=1
1
[ T 12726 % [y = | D @7°Nds = fllag, )" |
j=—00

respectively. In view of M, ,(R") = L,(IR"), we have the relationships of the above spaces with the Triebel-Lizorkin

space F; (R™), the Besov space By .(R"), the corresponding homogeneous spaces F;ﬁr(Rn) and B;,_(R"):

B (R =&, R"), By (R") =Ny, .(R"),
B[R =&, R"), By (R") =Ny, .(R").

Exceptionally, the Besov space B (R™) can be defined for p = oo by considering Mo «(R") as Lo (R™). The

special case 7 = 2 gives the definition of the Sobolev space and the homogeneous one:
Hy(R") = F3,(RY),  H3(R") = Fj(R").
We define the powered Hardy-Littlewood maximal operator M, by
My f = M[[f["]"

for n > 0. The following theorem plays a key role to investigate the function spaces defined above, especially for

thecase 0 <g<p<lorO<r<1.
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Theorem 5.1 (Plancherel-Polya-Nikolskii’s inequality). Let n > 0, R > 0 and f € S'(R™) with f c B(0, R).
Then

R sup w Sy SUD M S My f(2)
yerr (14 Rly|)7 yern (1 + Rly[)7

with My, f = M| f|"]'/7.

Proof. We follow the proof given in [6] and [12].
Step 1. We first assume that 2 = 1. Take a C'™ function so that Xp(1) < ¢ < Xp(2). Since f = ¢ * f, we have

0;f(x —y) = (9;¢) * / 0()f(@ —y — =) dz.

The inequality (1 + |y + 2|) < (1 + |y])(1 + |2|) gives

0 f(x — y)| ol e He—y=2)]
1+l S/Rn RN B
1= [ oot s 1 e

<swp FE I [ ool + D

Thus we obtain the first inequality.
Step 2. We continue to assume that R = 1. Let 0 < 6 < 1 and « € R". Assume that |f(x)| attains the minimum
at o in the ball B(x, d). Since f(x) — f(xo) = fol(x —x0) - Vf((1 = 0)z+ 0x) df, we have

[f (@) < [f (o) + |f(x) — f(wo)]

1
1 n
<\ mm lf(2)|"dz ) +0 sup [Vf(2)]
<|B(5) JB(,5) 2€B(x.5)
Replacing = by = —y, we have
1

[f(z —y)| < lf(z)["dz | +0 sup |[Vf(z—y—2)|
\B( )N J B jyl+1) 2eB(1)

(L+ D)7 Vi(z—y—2)| . 2
< (55 i) o s N i+t

Dividing by (1 + |y|)"/ 7 and taking the supremum, we get

\f( ) <5 EM +2%5 |Vf(33—y)|
CapgyF =0 M@ 2o S T

SP

This combined with the first inequality yields
J <870 M, f(x) + CodJ

with Co depending only on 7 and 7. Choosing d so that Cpd0 = %, we obtain the second inequality.
Step 3. We finally consider the general R > 0. Applying the result for R = 1 to the function fr-1(x) := f(z/R),
and observing M, fr-1(z) = M, f(z/R) and so on, we obtain the desired result. L]
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Lemma 5.2. Let 0 <n<qg<p< 0. Then

[RLZ2 S RV AT (1 | YA

Bl (/BMH.MM)T.

Proof. By definition

1M, flln,,,, = sup |Bl» ™ || My fllL,5) = sup

Since M is bounded on My, 4/m(R™) by Theorem 3.2, we have

(L) } —sup 5 ([ 1rprar)”
B B B

which gives the boundedness of M,,. U]

|B

My fllae, . S sup

Lemma 5.3. Let 0 < ¢ <p < 0o and R > 0. If f€ M, (R") satisfies supp f C B(0, R), then f € Loo(R™)
with

||f”Loo Snpq R%

fllag,, - (5.1
In addition, if 0 < ¢ < p1 < 00 and p/pr = q/q1 < 1, then f€ M, ,(R") with

n_ n
111025, 0, Snpapr B7 72 Fllag,, - (5.2)

Proof. Step 1. To understand the idea of the proof let us begin with the case p = ¢ and R = 1. Assume that
fe L,(R") satisfies f C B(0, 1). Let B be a ball of radius 1. By Theorem 5.1 with 0 <7 < p we have, for z€ B
and y€ B,

3n|fly— 2
f@l = swp |fly—2)< P2l
2€B(0,2) yeB(02) (L+]z])n

M, f(y).

Taking the L,(B) norms as a function of y, we get

1BI7 |l ) S 1My fllz,5)-

Since the maximal operator is bounded on L/, by Theorem 3.1, we get 1fllee ) S IfllL,. Taking the supremum
with B ranging over all balls of radius 1, we obtain (5.1) forp = gand R = 1.

Step 2. We next assume that f€ M, (R") satisfies f < B(0, 1). Replacing the L,(B) by L(B) in the argument
of Step 1, and choosing 7 so that 0 <7 < ¢ < p < oo, we have

1 1,1
1Bla | fllewim) S IMyfll,) < B2 7| My fllpg SIS

|pa¢17

where the last inequality follows by Lemma 5.2. Taking the supremum with B ranging over all balls of radius 1,
we obtain (5.1) with R = 1.

Step 3. We consider the general R by the scaling fr-1(z) = f(2/R). Since F fr—1(£) = R™ f(RE) is supported
on B(0, 1), we have
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1l = Ifr-1lze S IfR-1llp.a =R7 || £llpas

where the last equality follows by Lemma 2.1.
Step 4. Inequality (5.2) follows from (5.1). Indeed, we have

q

1-< 2 n 1— 4 141 a1
1z S U IANE y S (RE DSl ™5 (1B 5 ) ™

which yields (5.2) by ¢/q1 = p/p1. D

Theorem 5.4. (i) Let 0 < ¢g<p < 00,0 <r < oo and s€R. Then

£, (RY C &, (R") C B (R

p,q,T P,q,00

(ii) Let 0 < ¢ < p < 00,0 <7 < 00 and scR. Then

NS

p,q,T

(R™) C Bi.? (R™).
(iii) Let 0 <p <p1 < 00,0 <r < 00,s€ER, si€Rand s — 3 = s1 — ;. Then

Fy (R™") C F}}!

P17

(R™).
(iv) Let 0 < g<p <p1 < 00,p/p1=q/q(<1),0<r < 00,s€R, si€Rand s — 3 = s1 — - Then

£, (R") CEn

P,q,00 P1,91,7

(R™).
() Let0<p<pi<o00,0<r<oo,s€R, si€Rands— 3 =s1— - Then

B;,(R") C B!

P17

(R").

i) Let0 < g<p<p1< oo,p/pr=q/q(<1),0<r<00,sER, s€Rand s — % =51 — pﬂl Then

N’S

p,q,T

(R™) C N3t

p1,91,T

(R™).

Remark. The results related to Morrey spaces in Theorem 5.4 are obtained by Sawano-Tanaka [9], Sawano [5]
and Sawano-Sugano-Tanaka [8] (see also [10]).
Proof. In the proof we only estimate ¢;* f, since the estimate for ¢ * f can be dealt with similarly.

(i) The first inclusion follows from I, C lo. Let f € £, . and set G = sup;cy 29%|¢;* f. Clearly |¢;  f| < 2775G.

By Lemma 5.3 we have

in i(n_g
165 % flloo S 27 1165 % fllpg < 252G

|p,q |P7q7

which implies

Es

pyq,00

sup 2778 |¢; # flloo < I|£]
JEN

(i1) From Lemma 5.3 it follows that

276" # flloo S 2778 2% |16, f]

Pq = 2js||¢j * fllp.gs
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sonse S Al

P,q,r"

(i) Let f € I and set G = sup;cy 27%|¢; * f|. Clearly |¢; * f| < 2775G. By Lemma 5.3 we have

which gives || f|

65 % flloo S 27 Nl % fllp < 2G| Gly.
Thus
2j51|¢j « f] < min{2_j<5_sl)G, Qj(sl—er%)HGHp} _ min{?fj(%fpli)G,2].'1%1HG||],}.

Applying Lemma 5.5 below with a = m’(}l7 — —) b=nr--, A=G", and B = ||G|}, we have

T

. 1—2
St 1] S GEG),
J

Taking the Ly, norm yields || f[| zz1 < 1G]l

(iv) We can proceed in the same way as in (iii) by replacing the L, norm by the M, , norm. Thus

Yo fIT) S Gm 1Glpa™
i

Sl=

Hence, with the assumption p1/p = q1/q,

15|z, ) < G < (1BI77 )W [Gllpg = 1B 74|

P:q’

ar (

which implies (iv).

(v) By Lemma 5.3 we have
27165 % fllpy S22y x fllp = 27165 % £,
which gives (v).

Item (vi) can be proved in the same way as (v), if we replace the L, norm by the M, ; norm.

Lemma 5.5. Let a, b, A, B be positive numbers. Then

. . 2min{a,b} 1 1 .
> min{277"4,2° B} < ———— (7 T 7> Aats Bats
= log 2 a b

Proof. We compare the sum in the lemma with
° dt
J = / min{ At %, Bt"} <
0

Decomposing (0, 0o ) into the union of (27, 2971) with j € Z, we have

97 +1

J=3 / min{At—a,Btb}% > 3 (log 2)2 - min{ 427, B2%}.

JEZ JEZ
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a

On the other hand, changing the variables ¢ = cs and taking c so that Ac~* = Bc?, we have

J = Ac_“/ min{s~?, s} s Awts Bats (1 + 1) .
0 5 a b
Since replacement of j by — j changes the roles of a, A and those of b, B, we obtain the desired inequality. []
6 Lifting property
As usual we define the seminorms in S(R"); for Ne N we set
_ . By
= max max sup |x z)|.
(/)= e i o, 1o o)
For H <€ S(R") we define the operator H (D) : S'(R") — §’(R") by
H(D)f=F "(HF'f). (6.1)

Lemma 6.1. Let 0 < ¢ <p < 00 and 0 < r < oo. Assume that a series { f;};cz in S'(R™) satisfies
{fi} € Myy(R™,1;) and

supp f; C {€: |¢] <27},

and that {H;} jez, in S(R") satisfies
sup gy (H;(27+)) < o0
JEZ
Jor each NeNy. Then {H;(D)f;} € M, 4(R",1,) with
{H; (D)5} Is,00) Snpar (Sin)QN(Hj(Qj')O [REERSIPYATS!
j

with N = [n/n] +n + 2.

Remark. This lemma also holds if Z is replaced by N, since we may apply the lemma to the case where f; =0
for 5 < 0.

The statement of Lemma 6.1 also holds if we replace M, 4(R", I,) by I.(M,4(R")); the proof is based on (6.2)
below.
Proof. Let = 3 min{q, r}. By Theorem 5.1 we have

HO)) < [ 1F 02

S Mn[fj](l)/ 27 FTIH; (27 ) (1 + |y|) 7 dy.

n

ChooseNsothatN2n+1andN—%>n . Then
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27 FH; 27y (L+ [y)N < Con D 27y F T H,(27y)|
la]<N

<Cux 3 ) [ e oy ds

la|<N

< Clwan(Hy(2 ) [ (el e

R
Combining the above estimates, we have

[H;(D) fi ()| S an (H; (27 ) My[f;)(=). (6.2)
As we proved Lemma 5.2, we can show that Theorem 3.4 also holds if M is replaced by the powered Hardy-

Littlewood operator M,,. Hence the lemma follows from (6.2). L]

Theorem 6.2. Let 0 < g<p < 00,0 <r < oo, scR and o € Nj. Then the following linear operators are
bounded:

D &5 (R") — £57ll(R), D™ &5 (R™) — E57lel(R™),
D™ N, o (R™) = N3l (R™), D N, (R™) — N el (R™),

Remark. A Generalization of this theorem is found in Sawano-Tanaka [9].
Proof. We give the proof only for the non-homogeneous Triebel-Lizorkin spaces; we can deal with the other spaces
similarly. Set ¢; = ¢j—1 + ¢j + ¢;j11. Then
210N g; x (D f) = 270710, 5 4y 5 (D f) = H;(D)[2; * f]

with H;(€) = (2m€/27)*¢o(€/27). Since H,(27€) = (2m€)“¢o(£), which is independent of j, we conclude that
D is bounded by Lemma 6.1. U]

We say that a( &) is a symbol of order m if a( ) satisfies
02a(€)] < (&)™

for every v € NJ. A typical example of a(&) is (€)™ with (£) = (1 + |£[2)2. We note that the operator a(D) can be

defined as in (6.1), since g+~ ag is a bounded operator on S (R").

Theorem 6.3. Let 0 < g < p < 00,0 < r < oo and s€R. If a(&) is a symbol of order m, then the operators

a(D): &, (R") = E-™([R"),  a(D): N?

p,q,T p,q,T p,q,m

(R”) — NS*’"L (R")

p,q,T

are bounded.

Proof. We write

21676, (a(D) ) = 2~ py x 65 % (a(D)f) = Hy (D)2 + )
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with H;(€) = 27™Ja(€)p;(€). Since the derivatives of H;(27¢) = 27™7a(27€)po(€) is given by

op(H, @) = 3 (g)Q('Bm)j(aﬁa)(2j£)(3”‘ﬂ<po)(€),

BLa

and they are supported on § < [¢] < 4, we have

|08 (H;(27€))| < Y 20Pmmiqaigym=1fl < 1,
BLa
since 27[¢] < (29€) < {(2-27)¢])2+(27|¢])2}7 < 3-27|¢]|. Thus we conclude the boundedness of a(D) by applying

Lemma 6.1 for the Triebel-Lizorkin space and the remark of Lemma 6.1 for the Besov space.
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