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1 Introduction

The stock market’s fluctuations follow a continuous trend whether or not is still a topic with mixed
opinions. However, if they do, it may be possible to discern fluctuation trends, that is, identify bull
markets and bear markets, using a statistical model. Many methods have been applied to this
problem. In particular, there are many prior studies based on the Markov-switching model, including
Maheu and McCurdy (2000). Maheu and McCurdy (2000) suggested identifying trend changes by
switching means of time-series model according to Markov process state variables. This model uses
an extension of the Markov-switching ARCH model, suggested by Hamilton and Susmel (1994) and
Cai (1994), for volatility variation. The Markov-switching model is frequently used to formularize
volatility. Other representative works include the Markov-switching GARCH model by Gray (1996),
Klaassen (2002) and Haas et al. (2004), and the Markov-switching stochastic volatility model by So
et al. (1998).

Trend analysis on asset prices using Markov-switching models normally classify trends into two
regimes - bear markets and bull markets. The mean of the rate of variation in stock prices is either
a negative or positive value. When the value continues to be positive there is an upward trend (bull
market), and when the value continues to be negative there is a downward trend (bear market).
The assumption is that the two states follow a Markov process. However, Maheu et al. (2009) stated
that investors distinguish more detailed trends including temporary trends, and suggested a 4-state
Markov-switching model identifying a bear negative, bear positive, bull negative and bull positive
growth. Therefore, this study suggests a 4-state Markov-switching EGARCH model, which combines
the 4-state Markov-switching model and an Exponential GARCH (EGARCH) model.

The reason why an EGARCH model is used for formularizing volatility is because there is an
asymmetry in stock market volatility. That is, volatility is higher the day after stock prices fall compared
to the day after stock prices rise. Furthermore, because volatility involves very high and very low
states that cannot be expressed with an EGARCH model, the model switches volatility variations
also. However, because it is not always the case that volatility switching occurs at the same time as
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trends change (from bull to bear, or from bear to bull), the model accommodates expected rate of
return and volatility switching separately, with two state variables that follow a Markov process. In
this note, this model shall be called a Markov-switching EGARCH (MSEGARCH) model.

Satoyoshi and Mitsui (2011) used the MS-EGARCH model to analyze the Nikkei 225 options
market and showed that the MS-EGARCH model is effective for identifying bull and bear markets of
the Nikkei Stock Average, which are underlying assets. Therefore, this study extends the
MSEGARCH model to analyze bull and bear markets with more detail. First, the asymmetry of
volatility is studied to see if it differs in bull and bear markets. Next, we see whether the transition
probability of bull and bear markets are influenced by the rate of return on the previous term, in
other words, whether a price growth in a bull market increases the probability of a continued bull
market, and whether a price fall in a bear market increases the probability of a continued bear
market. The transition probabilities of state variables are considered time-varying transition
probabilities. According to the above, this study suggests a model that allows trend analysis using a
Markov-switching model.

The brief descriptions of the following chapters are as follows: Chapter 2 describes the 4-state
Markov-switching model, the 4-state Markov-switching EGARCH model, the asymmetry model and
the time-varying transition probability model. Chapter 3 explains the trend analysis model. Chapter 4

contains the conclusion.
2 Model
2.1 4-state Markov-Switching Model

In this chapter, the author will explain briefly the 4-state Markov-switching model by Maheu et al.
(2009). When R, is the rate of return on asset price at time ¢, the process of R, can be expressed as

follows:
R=pu+o0z,2~1id,Elz]=0TV[z]=1, (2.1)
o= Dyt Ao+ s As oy Ay, (2.2)
0= 010+ 0,0+ 0585+ 0,4Ay, (2.3)
p;=PrlA=71A,,=4,47=123 4 (24)

Here, the constant term u is the mean, z, is the error term, and the assumption is that there is no
autocorrelation in returns. i.i.d. expresses an independently and identically distributed. A, is a state
variable that follows a first-order Markov process. (A, A, As, Ay) is (1,0,0,0) when A, =1, (0, 1,
0,0) when A, =2, (0,0,1,0) when A,=3and (0,0, 0, 1) when A, = 4. Also, the assumption is that

mean u and volatility o follow A, and switch simultaneously. The following restrictions apply to u.

u, <0--- bear negative growth,
s> 0+ bear positive growth,
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U5 <0---bull negative growth,

u4> 0+ bull positive growth.
A bear positive growth is a temporary rise during a long-term downward trend. A bull negative
growth is a temporary fall during a long-term upward trend. The transition matrix of A, is:

by by 0 py
plz ADZZ 0 0

p= . 25
0 0 by by (25)

pl4 0 p34 p44

Here, py, is the probability of a transition from bear to bull, and p,, is the probability of a transition
from bull to bear. The path from bear to bull and the path from bull to bear are each one path, making
it easier to identify between states for prediction. This model can be called the 4-state (1) model.

The model below is when mean u and volatility o transition independently. There are two
volatility states to avoid increasing the number of parameters.

R=u+o0z,z~iid, Elz]=0TVI[z]=1, (2.6)
U= Ay u Ny + usAg + uy Ay, (2.7)
o=o0,;'y,+ 0,y 0,< 0, (2.8)
pi=PrlA, =710, =4d,ij=1234, (29)
qu=Pr[T,=1|T, =kl ki=12 (2.10)

Here, I, is the state variable that follows a Markov-chain, and it is independent. (I"y, T"5,) is (1, 0)
when T', =1 and (0, 1) when I', = 2. The transition matrix of A, and I", are each:

by by 0 Py

D by O 0 4, 4y
pP= Q- . .
0 0 p33 1)43 Q qu q22 (2 11)

p14 0 p34 p44

This model can be called the 4-state (2) model.
With only a bull and bear growth, the u, p; and P of the 4-state (1) and 4-state (2) models are as
follows:

o= Dyt DNy oy < u, (212)

. I _ by by
py=PrlA,=j1 A, =il ij=12 P—(pm p) (213)

As in Eq. (2.12), the restriction of u; < u, will be applied. Depending on the asset price the
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estimated results may or may not be u; <0, u, > 0, but we shall call x4, a bear growth and u, a
bull growth. These models can be called the 2-state (1) and 2-state(2) models.

2.2 4-state Markov-Switching EGARCH Model
Next is the 4-state Markov-switching EGARCH model, an extension of the 4-state Markov-switching
model of section 2.1.

R=u,+ R+ Va2, 2z, ~ iid, E[Zz] =0, V[Zr] =1, (2.14)
Ry =y, =R,
ln(Vab,t) = w, + fln (Vab,t—l) +0 [ m
Rt*l - U, d)aRt*Z
Ty ‘ — -E[lz.41]], (2.15)
Vab,l*l !
U= Uy + w Do+ gDy + uyAy, (2.16)
b.= ¢y (Au"'Az;) + ¢ (Asz"'Au)v (217)
wy=w 'y + w Ty 0 < w,y, (2.18)
pi=PrlA, =710, =4d,45=1234, (2.19)
qu=PrlT,=1|T,.,=Fkl kI=12. (2.20)

Here, coefficient ¢, of R, _;is ¢, in a bear negative or bear positive growth, and ¢, in a bull negative
or bull positive growth. V,,, expresses the conditional variance of R, as V,,, = V[R,| A,=a T',=b,
1, _ ], with the condition of information 7, ., = {R,_, B,_5 - -} until the term A, =¢q T',=0b,¢t-1. A,
and I',are state variables that follow a Markov-chain, and they are independent. The transition

matrix of A, and I",is as follows:

by by 0 Py

D by O 0 4, 4
P= . = ) .
0 0 p33 1)43 Q q12 q22 (2 21)

p14 0 p34 p44

It is known that estimating parameters becomes difficult when a Markov-switching model and
volatility variation model are simply combined, due to the dependence of state variables. However,
this study’s model makes estimation possible with maximum-likelihood estimation by using the idea
from the Markov-switching GARCH model by Haas et al. (2004). This model can be called the 4-state
(2)-MSEG model.

With only bull and bear growth, the transition matrix P of u, ¢, p; A, of the above 4-state (2)
-MSEG Model is as follows:
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U= 1Dy + woly 1y < uy (2.22)

O.,= O 1A+ PAy, (2.23)
. a . _ by Pu

pﬁ_PdAt_]|Atl_dv“_'LZI)_(pu pmj' (224)

This model can called the 2-state (2)-MSEG Model.

2.3 Asymmetry Model

The present study focuses on the asymmetry model, whereby the asymmetry of volatility in the
bullish sentiment differs from that in the bear sentiment. Here, the Eq. (2.15) is extended into the
following model, whereby the parameter 6, which captures the asymmetry of volatility, can also go
through switching.

n(v,,) + Bn (V) + 0 {R‘l_”” Ouf
n ab, = w n ab, - a
b, b b, t—1 m
Rt*l - tua - d)aRt*Z
+ -E[lz41]1], (2.25)
y ‘ A% Vab,l—l o ‘|
0,= 0,0+ 0,7, (2.26>

This model can be called the “as” model for convenience.

2.4 Time-varying Transition Probability Model
This note also focuses on the time-varying transition probability model, whereby the probability of
transition between the bull and bear markets sentiment is influenced by the return of the previous

period.

eXD(Ao + /11Rz—1)
1+ eXD(Ao + AlRtﬂ) '
eXD(éo + éle—l)
1 +exp (éo + élRH> '

P = Pr[Al =11A, =1 R/—l:lz (227)

bn = PI‘[A, =214, =2, Rt—1]:

(2.28)

Here, if A, < 0, p;; becomes higher when R, ; < 0. That is, it becomes highly probable that a
decrease in stock prices will maintain the bear market sentiment. In case of &, > 0, py,, becomes

higher when R,_, > 0. Then, p, , and p,3, can be expressed as follows:

exp({)
1+exp(l + LR,;) +exp()”’

b = Pr [At =217 =1, Rrﬂ]: (2.29)
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exp (v)
1+exp(&+ &Ry +explv)’

Duz, = Pr [Al =3 AL =4 Rl—l]: (2.30)

Thus, it becomes highly probable that a rise in stock prices will maintain the bull market sentiment.
Hence, this model can be called the “tv” model for convenience.

3 Trend Analysis Model

When conducting a stock market trend analysis, if in the 4-state (2)-MSEG-tv the error term follows
¢ distribution, the following model can be derived from Egs. (2.14) - (2.21) and Egs. (2.27) - (2.30) :

R=u,+ oR +VVyyz, 2 ~iidt (0, 1,v)

Ry =y, =R,
ln(Vab,t) =w, + fln (Vab,t—l) +0 /V—
ab,t—1
Rt*l - U, d)aRt*Z
+ -E[lz.41]1],
y ‘ v Vab,l*l o ‘|

Ue= Dyt woDy + sy + gy Ay,
b= ¢y (Ay+A05) + ¢y (Ay +Ay),
Wy = w, Ly + w,Ty w) < wy,
py=PrlA, =71 A,,=0,47=1234,
gu=PrlT,=1|T, =kl kI=12
by by 0 by
p= D by 0 0 , Q:(qn qz1j.
0 0 by by T Iz
by 0 by by
exp (A + LLR,)
1 +exp(dy+ AR
exp (&) + &R,)
1 +exp(& + &Ry
exp({)
1 +exp(ly+ LRy +exp(l)’
exp (v)
1 +exp(& + &R,y) +expl)

b, = Pr[Al =11A,=1 R/—l:lz

bn = PI’[A, =214,=2 Rl—l]:

Doy = Pr [At =27 =1, RH:|=

bz, = Pr [At =3 Ay =4, RH]:

Therefore, the parameter {u,, o Uz Uy D1, Po Wy, Wo, B, O, ¥, V, Do, P33 Q11 G2, Ao Ay, o Cu
{, v} can be estimated using maximum likelihood estimation” . Moreover, a variety of combinations

D For details, refer to Mitsui (2011), Mitsui (2012).
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be used using the 4-state (2)-MSEG-as model, 2-state (2)-MSEG-tv model, 2-state (2)-MSEG-as

model, etc.

4 Summary

This note suggests a 4-state Markov-switching EGARCH model, which is a combination of a 4-state

Markov-switching model and EGARCH model, and explains the use of an asymmetry model and

time-varying transition probability model in order to conduct trend analysis in more detail. These

models can be used to conduct empirical analysis on actual stock index data such as the Nikkei Stock
Average, TOPIX, etc.
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