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Abstract

This study investigates the prevention of market manipulation using a price-impact model of
financial market trading specified as a linear system. First, I define a trading game in which
speculators implement a manipulation trading strategy exploiting momentum traders. Second, I
identify market intervention by a controller (e.g., a central bank) with a control of the system. The
main result shows that there is a control strategy that prevents market manipulation as a subgame
perfect equilibrium outcome of the trading game. On the equilibrium path, no intervention is realized.
This study also characterizes the set of manipulation-proof linear pricing rules of the system. The set

is very restrictive if there is no control, while the presence of control drastically expands the set.
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I. Introduction

This study analyzes the prevention of market manipulation by a crowd of speculators who exploit
momentum traders. Momentum traders follow a price trend, while speculators intentionally cause a
price trend and “ignite” the momentum. Then, speculators buy and sell a security and obtain a profit
margin. This research focuses on the question of whether a market system can spontaneously
prevent this manipulation.

To address this question, I investigate a price-impact model of financial market trading. Price-
impact models have been investigated in the literature of price formation (e.g., Kyle, 1985) or optimal
execution (e.g., Almgren and Chriss, 2000). The novel feature of this study is that it models the
market system as a linear system and introduces a control of the system.

The trading model is based on Kyle (1985) and Huberman and Stanzl (2004). There are three
kinds of participants in the market system: speculators, momentum traders, and a controller (e.g,
the central bank or government). In each period n, customers simultaneously place a market order.
The market price in period n is determined by a pricing rule, which is a mapping from an aggregate

market order to a non-negative price. Each customer can trade at the market price.
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A pricing rule of the system is said to be viable (i.e., manipulation-proof) if it prevents speculators
from implementing speculative trading strategies in a certain solution concept. I characterize the
sets of viable pricing rules in the Nash equilibrium (NE) and subgame perfect equilibrium (SPE),
which I refer to as NE-viable pricing rules and SPE-viable pricing rules, respectively, with or
without a controller.

The model of momentum traders is the same as that of positive feedback traders in De Long et al.
(1990)". As in their model, I assume that momentum traders are unintelligent agents: they
automatically buy a security today whenever they observe a price gain yesterday. The price gain
leads them to purchase the security, which in turn leads to further price gains. This self-perpetuating
behavior continuously raises market prices. Speculators exploit this property of momentum traders
and can earn a profit. For example, a speculator buys a unit of the security and sells it when the
price rises; when the speculator sells the unit, another speculator simultaneously buys the same unit
to cancel out the negative price impact of the sale.

The central results of this study are as follows. First, I characterize the set of NE-viable pricing
rules and the set of SPE-viable pricing rules in the absence of controls. To compare my
characterization with the result of Huberman and Stanzl (2004), I also characterize the set of viable
pricing rules without momentum traders and a controller, which I simply refer to as the maximal
set. I find that both the sets of NE-viable and SPE-viable pricing rules are very restrictive compared
to the maximal set (Proposition 2). In particular, the result shows that the “Kyle-type” pricing rule,
that is, p, = p._1 + L,q, (Kyle (1985)), is not NE-viable (and hence, not SPE-viable) in the absence of
controls. Second, I characterize the sets of NE-viable and SPE-viable pricing rules in the presence of
controls. I find that the set of SPE-viable pricing rules is equal to the maximal set with a suitable
control strategy (Theorem 1). On the equilibrium path, the control strategy does not place a market
order.

These results show that the market system without a controller cannot spontaneously prevent
market manipulation, unless the system uses very restrictive pricing rules; if we allow the use of any
viable pricing rule, control by a third party is necessary.

This result is a new finding on the viable pricing rules. Huberman and Stanzl (2004) show that the
linear pricing rules are the key to viability. According to their result, some linear pricing rules are
sufficient to prevent the market manipulation of my model if there are no momentum traders.
However, their result is not relevant when market prices show a trend. The set of viable pricing
rules in the environment of Huberman and Stanzl (2004) is the maximal set of my model. The main
finding of this study is that the set remains viable in my environment if and only if the control is
present.

A related study, Ohashi (2018), analyzes the strategic trading model between a single speculator

and multiple dealers in the market with momentum traders. He shows that rational dealers might

1 Hong and Stein (1999) analyze a model introducing momentum traders. Jegadeesh and Titman (1993) document
the significance of momentum strategies. More recent empirical studies report momentum effects. See, for example,
Moskowitz et al. (2012) and Baltzer et al. (2019).
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use the Kyle-type pricing rule to exploit momentum traders.
II. The Model

Assume that there is a single security and an infinite trading period n € {1, 2, 3 - - -} =0 N . There
are three types of market participants in the market system: speculators, momentum traders, and a
controller. Speculators are risk neutral, and each of them lives for two periods: speculator n enters
the market in period n, trades in periods n and n+1, and exits the market before period n + 2.
Momentum traders are infinitely lived. Their trading behavior is proportional to past price
movements (see Assumption 1). The controller is also infinitely lived. This study investigates two
cases: the absence and presence of controls.

The market system is described as a pricing rule following Huberman and Stanzl (2004). At the
beginning of each period n, the market system bids a price quote, p,. Each customer can observe the
quote before submitting his or her order. For market order q,, which is a quantity of the security,
the system determines the market price, p,, as

where P,(q,) is a price-impact function, which describes the immediate price reaction to market
order q,. Each customer trades at p, in period n. If necessary, the market system clears the market
by using its own inventory of the security. After the trade, the system updates the quote as

Prt1 = Pn + Un(qn) 2)

and proceeds to the next period, where U, (q,) is a price-update function that captures only trade s
permanent price impact. Egs. (1) and (2) yield

Pnt1 = Pn + Un(qn) — Pulqn) + Poy1(qnt1) (3)
and
n—1
Pn =po+ Z Uk(Qk) + Pn(Qn)a
k=1

where p, is the initial price in the market. I refer to (U, P,) as a pricing rule in period n. This
model ignores the stochastic term on price formation, in which it differs from Huberman and Stanzl
(2004).

Let «, i = 1, 2, denote speculator n’ s market order in his or her ith period, and let ¥y1 = «T% and
UYp = x%,l + I}L for each n = 2. Let &, and u, denote the market orders of the momentum traders

and the controller, respectively. In each trading period, active speculators, momentum traders, and
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the controller simultaneously place their market orders, that is, ¢, =y, + & + u, € R. After the
trade, (p,, q,) is public, but not (y,, &, w,).
Here, I make the following three assumptions about the model.

Assumption 1

1. 2t € {-1,0,1} and . + 22 =0 for each n € N.

2. &, = B(pn—1 — Pn—2) with a constant § € Ry if n 2 2; and & = 0.
3. Un(gn) = A\gn, and P, (qn) = 1qn, with constants A\, u € Ry4.

Assumption 1-1 is a normalization of speculators’ trading. Each speculator’s order placement is
bounded, and each speculator exits the market with a zero position. Assumption 1-2 characterizes
the behavior of momentum traders, as in De Long et al. (1990). Assumption 1-3 implies that the
pricing rules are linear and time independent. Huberman and Stanzl (2004) provide the rationale for

using a linear price-update function”. The linearity assumption on the price-impact functions is for
simplicity.

1 Definitions of the games
The set of speculators’ action spaces is

X ={ (a2 | 2" € {-1,0,1}, = 4+ 2* = 0}.

I describe x, € X as speculator n's action. Speculator n's payoff is _pnI}L - pn+195% = (Pn+1 — pn)x}l
Let H, denote the set of all possible prices and quantities until period n —1, that is, H1 = {(Z)}
and H, = (Ry x R)"™ 1. Irefer to h, € H, as the history until period n — 1. I define the
strategy of speculator n as a mapping s, : H,, — X This study focuses on pure strategies. Let S,
denote the set of all possible strategies of speculator n and s € HneN Sy denote the strategy profile
of speculators. Let 7, (s) denote speculator n’ s payoff3>. Hence, (N, (Sp)nen, (Tn)nen) defines a game.

[ (h,) describes the subgame beginning at history h, and m,(s | hy) speculator n's payoff in
subgame I (h,).

Definition 1 = The strategy profile s is an NE if 7, (s) = m,(s),, S—_pn) holds for each n € N and s,
€ Sy, , where S—pn € erN\{n} Sk . The strategy profile s is an SPE if m,(s | hn) = 7p(sh, 5 n

| hn) holds for each n € N, s;, € Sy and hn € Hn

2 Huberman and Stanzl (2004) show that time-independent price-update functions must be quasi-linear for market
viability, that is, U (q,) = Aq, + R(q,) such that E(R(g,) | Gn) = 0, for an information set G, . Because there are
no random variables in my model, the quasi-linearity is equivalent to linearity.

3) By definition, m1(s) = mn(s1, $2) and Tn(s) = Tn(Sn—1, Sn, Sn+1) for each n = 2.
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I refer to an outcome such that x, = (0, 0) for each n € N as no trade. The market is NE-viable
(SPE-viable) if, under the associated pricing rule (A, x), any NE (SPE) outcome leads to no trade.
Then, (A, ) is said to be a viable pricing rule.

II. The Results without Controls
This section aims to characterize the viable sets when the controller is absent.
1 The benchmark model
Since the price-impact model of this study is based on Huberman and Stanzl (2004), I employ their

model as a benchmark. They analyze a single N-period-lived speculator model without momentum

traders. The set of the speculator’s action space is X = Uf\?:l Xn, where

N
Xy = {(:vl,...,xN)ERN | Zazn:O}.
n=1

The speculator’s strategy is s: H; — X . For each s, there is a unique N such that the speculator’s
payoff is &y (s) := — 25:1 PnZn - Let Oy denote the zero vector of RN and let Y = [J3_;{On} .

The market is SPE-viable if and only if the optimal strategy s is such that s : H1 — Y.

Proposition 1 In the benchmark model, the market is SPE-viable if and only if (A, u) satisfies
A= 2u.

Proof. For eachs if N=1,x =0 and 71 (s) = 0; otherwise,

N n—1
An(s) == (Do + A Dk + pwn)zy
n=1 k=1
N N n—1 N
—POZIn - )\Z (Zl‘k> T —/LZQ}%
n=1 n=1 \k=1 n=1
N N
—/\Zazia}j — U Z :17% ( Z Ty = 0.)
n=1

1<j

N N N
1
=(2u—A) (—2296%) xlzmj:in+2szx]fO
n=1 i=1 j=1 n=1 i<j
This equality implies that 2u —A = 0 is necessary and sufficient to ensure SPE-viability. [ |

Proposition 1 implies that the permanent price impact should be sufficiently small compared with
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the immediate price impact for SPE-viability in the benchmark model. Proposition 1 also defines the

maximal set of viable pricing rules under Assumption 1-3.

Definition 2 The set of pricing rules M is said to be the maximal set if

M= {(\p) € RE, [ A< 2u).

2 The present model
I return to the present model: two-period-lived speculators and = 0. I propose three results. The
first is the following.

Proposition 2 No trade NE exists if and only if

(A p) € Mi(B) = {(A ) € Ry | R= B — 20+ A < 0}

Proof. Suppose that the NE strategy profile s realizes x, = (0, 0) for each n € N. It is sufficient
to show that speculator 1 has no incentive to deviate from s. Suppose that x; = (1, =1). Then, p; = p,
+ u and p, = py+rA+u (Bu—1). The payoff is p,—p, = Bu’—2u+A. I obtain the same payoff when x' = (-1,
1). Hence, NE-viability requires fu* —2u + A < 0. [ |

Condition R < 0 reduces to A = 2u when 8 = 0, which implies that My (8) C M for each f = 0
and M, (0) = M . However, Proposition 2 does not ensure the uniqueness of the equilibrium outcomes.
Hence, the market is NE-viable only if (A, u) € M,(B).

Next, I provide a condition on which we can ignore some undesirable NEs. Let s* denote the
strategy profile, which maps x, = (1, —1) for each n = 1. Then, I have y, = 1 and y, = 0 for each
n = 2. From Assumptions 1-2 and 1-3, the sequence (yn)%ozl generates a sequence (Qn)%ozl
such that ¢, =y, =1 and

dn = gn = 5(pn—1 - pn—Q)
= B((A = 1)an—2 + pan-1)

for each n = 2. Then, the payoff of speculator n is

Prtl — Pn = Hni1 + (A — 1)qn
_ qn+2

B

If D = fu® —4u+4) = 0, then g, > 0 for each n = 1 (see Appendix). In this case, the market price
will grow monotonically. Therefore, each speculator n obtains a positive profit margin. This

observation implies that strategy profile s” is an NE. Hence, D <0 is necessary for NE-viability. Let
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M,(B) denote the set of pricing rules such that

My(B) == {(A\,p) € Ry | D = Bp® — 4+ 4X < 0}

Proposition 3 The market is NE-viable only if

(A, ) € Mi(B) N Ma(B).
Proof. See Appendix. [ |

The converse might not be true. Appendix shows that, if D <0, there exist infinitely many n such
that &, < 0 on the path of s. In this case, there exists n* such that speculator n* is better off choosing
(0, 0), while speculators 1 to n* =1 choose (1, —1). However, speculators 1 to n* =1 could gain a
positive profit even if speculators n = n* choose (0, 0). Moreover, there may be other complicated
strategies that bring a positive profit for speculators.

Finally, I provide a sufficient condition that ensures SPE-viability.

Proposition 4 The market is SPE-viable if
(A ) € M3(8) == {(A\ ) € Ryy | L= pp? —2u+2) < 0}

Proof. See Appendix. [ |
Because SPE-viability implies NE-viability, Proposition 4 provides a sufficient condition for NE-
viability. In the case of no momentum traders, 8 = 0, we have

M3(0) = M3(0) € My1(0) = M,
which gives the following result.
Corollary 1 We assume that f = 0. The market is NE-viable if and only if A < pu.

Kyle's (1985) equilibrium pricing rule, which is an N -period trading model under asymmetric
information, takes the form p, = p,_, + 1,q,. In my model, this pricing rule maps each price to the
area A = u. Hence, the Kyle’s pricing rule does not preclude the manipulation strategy of this study.
Figure 1 illustrates the characterization results. It shows that M;(8) C M, (B); NE-viability implies
R =< 0 (Proposition 2) and this is implied by L <0 (Proposition 4). It also shows that neither
M, (B) C M,(B) nor M,(B) C M,(B); Conditions R < 0 and D <0 are both necessary for NE-viability

(Proposition 3), but there is no inclusive relationship.
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The viable pricing rule of the present model is more restrictive than that of the benchmark model,
because the present model allows speculators to do “support buying” (ie., the next speculator’ s

purchase cancels out a negative impact on price by the current speculator s sale). The chain of such

behavior is profitable to speculators.

Figure 1. The shaded area exhibits M; (8). This figure shows that M;(8) c M, (B) but there
is no inclusive relationship between M, (8) and M, (B).

by /\:2;1
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IV. The Results with Controls
This section aims to characterize the sets of viable pricing rules when the controller is present.
Let u, denote the controller's market order placed in period n. I refer to the sequence ¥ = (Un),io:l
as a control. Let u* denote a control such that u, = 0 for each n <FE.
Suppose that each speculator n chooses x, = (1, =1). Eq. (3) with Assumption 1 yields
P+l = Pn + (A — 1)@n + pqnt1 (4)

for each n = 1. Because @n+1 = &nt1 + Un+t1, Assumption 1 implies

Gnt1 = Blgn + BN — 1) qn—1 + Unt1 (5)
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for each n = 1. 1 describe Egs. (4) and (5) as a difference equation system:

2Zpi1 = Az, + Buy, (6)
where
L A=p+8p* B —p)p
A=10 Bu BA—p) |, B=]1
0 1 0 0
and
Pn
Zn = qn ) Up = Un+1- (7)
gn—1

I refer to z, as a state in period n.

Here, the definition of controllability is presented.

Definition 3 (Elaydi (2005), p. 432.) System (6) is said to be controllable if for each k € N, for each
initial state z,_,, and for each final state z*, there exists a finite number N > k — 1 and a control u",
k =< N, such that zy = z".

If System (6) is controllable, the controller can set a market condition to a final state within finite
periods only by placing market orders. The market control succeeds if System (6) is controllable.
Based on discrete control theory, System (6) is controllable if and only if the matrix W =
[B, AB, A’B] has a full row rank”. In the present model,

poop(Bu) + A p(Bu)? = (1 —20)Bp + A
wW=1 Bu (Bu)? — Bu+ BX
0 1 B

and det (W) = A. I summarize the above as a proposition.
Proposition 5 Market control succeeds if and only if A > 0.
Next, I require that any control stabilizes the market in the sense that, for each k, u* must

asymptotically satisfy (p,, ¢,) — (Pi-1, ¢s-1). Consider System (6) with a linear feedback u, = —Sz,,

where S = (0,, 0, 0;) is a real (1 x3) matrix. Then,

4 See Theorem 10.4 of Elaydi (2005, p. 433), which is presented in Appendix for convenience.
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Znt+1 = Az, + Bu,
= (A — BS)z,.

System (6) is stabilizable if, for each k, there exists matrix S such that control «* = — Sz, achieves

klggo Zk = Zk-1. Market stabilization succeeds if System (6) is stabilizable. I define z* = z,_, and

¥y, = 2,—2" to describe System (6) as follows:
Yer1 = Alyr + 2%) + Buy, — 2" = 211 — 2"

Stabilization to an initial state 2" is equivalent to stabilization to 0. Hence, the goal of stabilization is
z, — 0, without loss of generality. The next proposition is useful for stabilization.

Proposition 6 (Elaydi (2005), Theorem 10.19.) Let ® = ® = {1, 2,03} be an arbitrary set of 3
complex numbers such that ® = {p1, P2, p3} = ®. Then, System (6) is controllable if and only if

there exists a matrix S such that the eigenvalues of A — BS are the set ©.

Thus, System (6) is stabilizable if the eigenvalues of A — BS lie inside the unit disk. Applying
Proposition 6 to System (6), I obtain the following result.

Proposition 7 Market stabilization succeeds if A > 0.
Proof. Without loss of generality, I set z,-, = 0. Let ® = {1, 2,3} denote the set of complex

numbers such that |p;| < 1 for each i =1, 2, 3.1 define §1 = —(p1 + @2 + ¢3), 02 = P12 +

2003 + 371 and d3 = —p1p2(03 . The characteristic polynomial of A — BS is

L—por—@ A—p+pp* —poay BN — p)p — pos
det (A — BS —oI) = —o1 Bp—o2—¢ BA—p)—o3 | =0,
0 1 —p

which is equivalent to

@+ (uoy + 02 — Bu— 1)* + (A — p)or — o2 + 03 — BA — p) + Bu)e
— 03+ B(A—p)=0.

Comparing the coefficients with the roots, I obtain
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pno1 + o2 — Bu—1=101
(A= p)or — o2+ 03— BN — p) + Bu = 02 (8)
—0'3—1—6()\—/1) = 03.

These equations yield

S - (0-1’ g2, 03)

7 <1+61+52+63 —p(1+ 01 + d2 + 03)
B A ’ A

+01+Bu+1, —534—,6()\—#)).
9)

Because |¢;| < 1 for each i, the controller makes the state (P, qu q.) converge to (0, 0, 0) by
placing the orders followed by u* = =Sz, [ |

Let U denote the set of matrixes, S in Eq. (9), such that the maximum absolute value of
eigenvalues of matrix A — BSis less than 1.

Definition 4 A quick response control is a control such that if there exists
S = (01,09,03) €U such that for each k 21,
OVng ql:0:>uk+1:0.

® gk 7é 0=Vnz2k+1 u, =-S5z, = —01Pn—1 — 024n—1 — 03¢n—2-

In other words, a quick response control is a control such that (i) it achieves market stabilization
and (i) the controller enters the market only if the speculator trades; otherwise, the controller never
enters the market (i.e, no market intervention occurs). The market is said to be SPE-viable under
quick response controls if, for each (\,u) € Ri o+, there exists a quick response control such that
no trade is a unique SPE outcome.

Theorem 1 The market is SPE-viable under quick response controls if and only if (A, u) € M.

Proof. 1 assume that p, = 0 for simplicity.
Suppose that (A, ) € M. I first show that there is a quick response control that makes the market
SPE-viable. Let ® = {1/3,1/3, 1/3!. Then, by Eq. (9), I have

18 w8 1
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Let T" (x) denote a subgame such that a speculator n chooses x, = (x, —x) and each speculator i <n

chooses x; = (0, 0). Suppose that speculator 1 implements x; =

g2 = —1+ 21  These lead to

P2 =\ — p+ pah
&3 = B(\ — 2u + paj)

1
U3=—§—§3
11 1
p3=,u($3—3>+()\—ﬂ)$2-

If 21 # 0, a simple calculation yields

2
mols | 1) = ((Azmxé kAt

ples—3) <0 i
u(—xé—%) + 2\ if o)

(1, -1). Then, uy, = —Bu and

Because m2(s | 1) = 0 if x, = (0, 0), any SPE makes x, # (I, =1). Then, m1(s | 1) = A — 2u + paxl

with x% S {—1, 0}. Because \ < 24, 71-1(3 | 1) < 0. The argument is symmetric in the case of

x; = (=1, 1). Hence, it is optimal for each speculator n to choose x, = (0, 0) in I" (0).

Next, I show that the market is not SPE-viable under any quick response control for some (A, u)

& M. Let A > 2u. Consider a subgame in which only speculator 1 chooses x; = (1, —1) and other

speculators choose (0, 0). In this case, by Eq. (8), u, = —0,p, —0,q, — 059, = —(5, + Bu + 1). Because

(01, 05, 03) € U, we must have &, <3. To achieve SPE-viability, we must have

p2—p1=(A—2u) —pu(l+01) 0.

Eq. (10) is equivalent to

A—2
AT 1< <3,
i

which is impossible for a sufficiently small u > 0.
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V. Concluding remarks

This study models a trading system as a linear system and introduces a control to the system. The
control affirms the prevention of “momentum ignition” price manipulation (MIPM). The
controllability result of the linear model is applicable to other financial policies, such as inflation
targeting, the stabilization of price bubbles, and the prevention of herding during a market crash.
The implication of this study is that it is important for the controllability of the market to check
whether the observed price impacts in practice are linear or not.

The main finding of this study is that Huberman and Stanzl's (2004) benchmark result is
achievable with an appropriate control, while it is never achievable without controls. The market
intervention of the model, which is identical to a control, never destabilizes the market given a
strategy profile of speculators.

The main assumption of this study (Assumption 1) is important to the affirmative result on the
prevention of MIPM. For the restriction of speculators’ action spaces, the model suggests that the
result is valid under a more general class of strategies. I briefly state my conjecture. For a strategy
profile s that generates a sequence of active speculators’ aggregate quantity,(y,), the controller can
set a control () such that Un = U, 1 —Yn+1 = Unt1 in Eq. (7). Hence, the result still affirms the
prevention of MIPM. Meanwhile, the simplicity of momentum traders’ behavior and time-
independent pricing rules are controversial.

Finally, my model has certain limitations: there are no stochastic terms, long-lived speculators, or
budget constraints of the controller. In particular, we should consider the controller’s budget
constraints more seriously. Since the controller’'s purchase (or sale) continues infinitely for market
stability, it is important to show that the required budget is bounded. These topics are left for future
research.

Appendix
A Second-order linear difference equation
A difference equation appearing in the model is defined by
Int2 = Kqni1 + Jqn, (A11)
where K, J € R and n € N . The characteristic equation of Eq. (A.11) is
r2—Kr—J=0. (A12)

Suppose that Eq. (A.12) has distinct characteristic roots, say r, and r,.
Then, a sequence (g,) described as ¢, = ¢ + cory is the solution of Eq. (A.11) because
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dn+2 — KQnJrl - J(In
=T 4 eort T — K (e cort ) — J(err + corly)
=1 (r? — Kry — J) + corf (rs — Kry — J)

=0.

(A.13)

This solution is uniquely determined by an initial value of Eq. (A.11). If (g, ¢,) = (0, 1), then

(o o) )-C)

If the roots of Eq. (A.12) are real numbers, then

¢, and ¢, are determined uniquely as

K—F\/ﬁ r K—\/ﬁ (A.14>
= T 5 2= T 5
2 2

1

where D = K* + 4J > 0. Hence, ¢; = 1/\/5, Cco = —1/\/5, and
1 n n
qn = ﬁ(ﬁ —ry). (A.15)

If the roots of Eq. (A.12) are complex numbers, then

K +iVD K —iND

— A.l6
5 9 5 , (A.16)

1

where D' = =D >0 and ¢ = V=1 Then, gn = (r{ —73)/(iVD’) . Note that D <0 implies / <0. In
the polar form, r1 = (K +ivD’)/2 = v/—J(cos 0 + isinf) with some 6 € [0,27]°. Using Euler’s

formula, 7, = \/—Je® and 12 = 71 = (K —ivV/D')/2 = v/=Je ¥ Using De Moivre’s theorem,
q, is described as

2 n
Gn = ﬁ (x/—J) sin(nd). (A17)
Suppose that Eq. (A.12) has the same characteristic root. Then, D = 0 and r = K/2. In this case, a
sequence (q,), described as q, = (¢, + nc,), is the solution of Eq. (A.11). If (g, q,) = (0, 1), then
(CI: Cz) = (0, 2/K).

5 Suppose that r, = @ + i and r, = a — if8. In polar coordinates, a = r cos 6, 8 =r sin 6, r = /a2 + 52 and
0= tanfl(ﬁ)

a’ .

— 248 —



A Model of Financial Market Control (Ohashi) (265)

Hence,

n—1
Gn =1 (K> . (A18)

1. Analyses of the model
Suppose that all speculators implement x = (1, 1) (the argument is symmetric for the case —x if
Do is sufficiently large). Then, the market orders are g, = 0, ¢; = 1, and
Gn = Bpgn—1+ BN — 1) gn—2. (A.19)

for eachn = 2. Let K = Bu, J = (A —p).and D = K? +4.J .

Lemma 1 If (A, u) satisfies D = 0, then the sequence of the market price, (p,), is monotone

increasing.

Proof. Suppose that D >0. By Egs. (A.14) and (A.15),

1 . . 1 [(k+vD\" (K-vD\"
(7))
-5t @))

The assumption D >0 implies #>0, K >0, and r, >0. Then, |71|*> — |r2|?> = Kv/D > 0, which implies
|r1| > |r2] and g, > 0 for each n € N . Suppose that D = 0. By Eq. (A.18), ¢, = n(’%”)"*l )
If >0, then g, > 0 for each , € N.By Eq. (3), Pn = Pn—1+ An—1 4+ 1(@n — Gn—-1) > Pn—1. M

For market viability, D <0 is necessary. Eq. (A.17) implies that the sequence (q,) oscillates and
there exist infinitely many n such that q, < 0.

B Theorem 10. 4. of Elaydi (2005)
Consider the following difference equation system:
Zni1 = Az, + Buy, (A.20)

where z is a k-dimensional vector, A is a (k X k)-matrix, B is a (k X m)- matrix, and u is an

m-dimensional vector, where m < k. The controllability matrix W of System (A.20) is defined as the
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k X km-matrix
W= B, AB, A’B, ..., A* " 'B].

Theorem 10. 4. of Elaydi (2005) states that System (A.20) is controllable if and only if rank W = k.
In the present model, 2 = 3 and m = 1.

C Proof of Propositions

1. Proof of Proposition 3
Suppose that D = 0. Then, Lemma 1 implies that each speculator n implementing x,=(1, —1)
constitutes an NE, which is a contradiction.

2. Proof of Proposition 4
I prove this proposition by showing the first trading speculator’s optimal choice is no trade in any
SPE. Let T (x) denote the subgame beginning at a history such that a speculator n chooses x, =
(x, =x) and each speculator i <n chooses x; = (0, 0).
Consider an arbitrary strategy profile s such that x; = (1, =1). Then, speculator 1" s payoff in I" (1)
is
mi(s | 1) = p(Bu+ x5 — 1) + (A = p).

Speculator 2's payoff in T" (1) is

183 + (A — )& + pys + (A = p)y2  if 2 # (0,0)

ma(s | 1) = .
0 if x5 = (0,0),

where & = Bu, & = (Bu)?+(y2—1)Bu+BA, yo = —14x}, and y3 = 25—z} .

Then, we have
s + (A — p)éa = Bu(Bp® + (x5 — 3)u+ 2))
and
1 1

pys + (A = @)ya = p(xy — 23) + (A — p) (=1 + z3).

I calculate m1(s | 1) and ma(s | 1).
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oIf x, = (1, -1), then

mi(s| 1) =Bp — p+ A
mo(s | 1) = Bu(Bu® — 2p+2X) + p(as — 1),

oIf x, = (0, 0), then

mi(s | 1) = Bp? —2p + A

ma(s | 1) = 0.

eIf x, = (-1, 1), then

mi(s | 1) = Bp® —3p+ A
mo(s | 1) = Bp(Bu® — 4+ 2X) + p(zs + 1) — 2(A — p).

I further calculate m2(s | 1) .

oIf x; = (1, -1), then

Bu(Bu® —2u+2))

ma(s]1)=140

Bu(Bp® — 4p+ 2X) + 4y — 2

o If x; = (0, 0), then

Bu(Bp? = 2p+27) — p

ma(s|1) =<0

Bu(Bu® — 4p 4 2X) + 3 — 2

oIf x;, = (-1, 1), then

Bu(Bp? — 2+ 2X) — 2p

ma(s 1) = {0

Bu(Bp® — 4p+ 2X) +2p — 2
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if 2o = (1,-1)
if T2 = (0,0)
if o = (—1,1).
if xTro = (1,71)
if x5 = (0,0)
if To9 = (—1,1).
if Tro = (1,71)
if z5 = (0,0)
if Tro = (—1,1).

(267)

(A.21)

(A.22)

(A23)
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These observations show that speculator 2 never chooses x, = (1, -1) if L = Bu? —2u+ 2\ < 0.
In this case, max (s | 1) = Bu? —2u + A < 0. The argument is symmetric for the case of
x; = (=1, 1): speculator 2 never chooses x, = (=1, 1) in I" (-1) and speculator 1's maximum payoff in
I’ (-1) is negative. The optimal choice of speculator 1 is, therefore, no trade: x; = (0, 0). This
argument is applicable recursively: if L <0, each speculator n in the subgames I" (1) and I (-1)
gains a negative payoff, given speculator n + 1" s optimal actions, regardless of the other speculators’
strategy profiles in I" (1) and I" (-1). Any SPE must have this property. This argument also shows
that, if L <0, there is an SPE in which speculator 1 chooses x; = (0, 0) and speculator n + 1 chooses
x,71 = (0,0) in T (0), foreachn = 1. A

The converse of Proposition 4 is not true. Obviously, if A = ¢ = 0, market prices never change.
Hence, no trade occurs in any SPE. Even if Ay # 0, when L = 0, the bottom row of Eq. (A.21) is
—2(Bu? —2u+A) > 0. Furthermore, Eqs. (A.22) and (A.23) show that speculator 2 never chooses
x, = (1, -1) in T (1). By continuity, no trade occurs in an SPE for some (A, ) such that L = 0.
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