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Abstract

We investigate some uncertainty relations for generalized quasi-metric adjusted skew informa-

tions. We give generalized Heisenbrg type or generalized Schrödinger type uncertainty relations.

And we obtain several important norm inequalities which refine the triangle inequality and Hlawka

inequality and so on in order to formulate sum types of uncertainty relations for N not necessarily

hermitian quantum mechanical observables. As applications we have some norm inequalities. At

last we state uncertainty relations for quantum channels.

1. Introduction

Let Mn(C) be a set of all n × n complex matrices, Mn,sa(C) be a set of all n × n self-adjoint

matrices, Mn,+(C) be a set of all n×n positive semi-definite matrices and Mn,+,1(C) be a set of all

n×n density matrices. That is Mn,+,1(C) = {ρ ∈ Mn(C)|Tr[ρ] = 1, ρ > 0}. Let ⟨A,B⟩ = Tr[A∗B]

be a Hilbert-Schmidt scalar product. For ρ ∈ Mn,+,1(C) and A,B ∈ Mn,sa(C), an expectation

of A under physical state ρ is given by Eρ(A) = Tr[ρA] and a variance is given by Vρ(A) =

Tr[ρA2
0] where A0 = A − Tr[ρA]I. For A,B ∈ Mn,sa(C), ρ ∈ Mn,+,1(C), the famous Heisenberg

uncertainty relation ([16]) is given by

Vρ(A) · Vρ(B) ≥ 1

4
|Tr[ρ[A,B]]|2,

where [A,B] = AB −BA. And also the Schrödinger uncertainty relation ([24]) is given by

Vρ(A) · Vρ(B)− |Re{Tr[ρA0B0]}|2 ≥ 1

4
Tr[ρ[A,B]]|2,
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which is a refinement of Heisenberg uncertainty relation. The Wigner-Yanase skew information is

defined by

Iρ(A) =
1

2
Tr[(i[ρ1/2, A0])

2] = Tr[ρA2
0]− Tr[ρ1/2A0ρ

1/2A0],

which is smaller than Vρ(A). And the related value is defined by

Jρ(A) =
1

2
Tr[ρ{A0, B0}2] = Tr[ρA2

0] + Tr[ρ1/2A0ρ
1/2A0],

where {A,B} = AB +BA. Now we define

Uρ(A) =
√

Iρ(A) · Jρ(A).

It is clear that 0 ≤ Iρ(A) ≤ Uρ(A) ≤ Vρ(A). For A,B ∈ Mn,sa(C), ρ ∈ Mn,+,1(C), the uncertainty

relation for Wigner-Yanase skew information ([21]) is given by

Uρ(A) · Uρ(B) ≥ 1

4
|Tr[ρ[A,B]]|2.

After then the Wigner-Yanase-Dyson skew information is defined by

Iρ,α(A) =
1

2
Tr[(i[ρα, A0])(i[ρ

1−α, A0])] = Tr[ρA2
0]− Tr[ραA0ρ

1−αA0],

where 0 ≤ α ≤ 1. And the related value is defined by

Jρ,α(A) =
1

2
Tr[{ρα, A0}{ρ1−α, A0}] = Tr[ρA2

0] + Tr[ραA0ρ
1−αA0].

Now we define

Uρ,α(A) =
√

Iρ,α(A) · Jρ,α(A).

It is clear that

0 ≤ Iρ,α(A) ≤ Iρ(A) ≤ Uρ(A), 0 ≤ Iρ,α(A) ≤ Uρ,α(A) ≤ Uρ(A).

For A,B ∈ Mn,sa(C), ρ ∈ Mn,+,1(C), the uncertainty relation for Wigner-Yanase-Dyson skew

information ([27]) is given by

Uρ,α(A) · Uρ,α(B) ≥ α(1− α)|Tr[ρ[A,B]]|2.

Hansen ([15]) defined the following metric adjusted skew information. Let Fop = {f : (0,∞) →
(0,∞)|f(1) = 1, xf(x−1) = f(x), f is operator monotone} and let Fr

op = {f ∈ Fop|f(0) ̸= 0} and

Fn
op = {f ∈ Fop|f(0) = 0}, where f(0) = limx→0 f(x). Then it is clear that Fop = Fr

op ∪ Fn
op. We

define

f̃(x) =
1

2

[
(x+ 1)− (x− 1)2

f(0)

f(x)

]
, x > 0, f ∈ Fr.

The correspondence f → f̃ is a bijection between Fr
op and Fn

op. The examples of Fop are as follows.

fRLD(x) =
2x

x+ 1
, fBKN (x) =

x− 1

log x
, fSLD(x) =

x+ 1

2
,
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fRLD(x) =
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x+ 1
, fBKN (x) =

x− 1
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, fSLD(x) =

x+ 1
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f̃SLD(x) =
2x

x+ 1
, fWY (x) =

(√
x+ 1

2

)2

, f̃WY (x) =
√
x,

fWYD(x) = α(1− α)
(x− 1)2

(xα − 1)(x1−α − 1)
, α ∈ (0, 1),

f̃WYD(x) =
1

2
{x+ 1− (xα − 1)(x1−α − 1)}.

Then there are the following relationships among the above examples.

2x

x+ 1
<

√
x <

x− 1

log x
< fWYD <

(√
x+ 1

2

)2

<
x+ 1

2
(x ̸= 1)

In Kubo-Ando theory of matrix means one associates a mean to each operator monotone function

f ∈ Fop by the formula

mf (A,B) = A1/2f(A−1/2BA−1/2)A1/2,

where A,B ∈ Mn,+(C). Now the monotone metrics(also said quantum Fisher informations) is

defined by

⟨A,B⟩f = Tr[A ·mf (Lρ, Rρ)
−1(B)],

where Lρ(A) = ρA,Rρ(A) = Aρ,A,B ∈ Mn,sa(C). The metric adjusted skew information Ifρ (A)

is defined as follows. Let

Corrfρ (A,B) = Tr[ρA0B0]− Tr[A0mf̃ (Lρ, Rρ)B0],

Ifρ (A) = Corrfρ (A,A) = Tr[ρA2
0]− Tr[A0mf̃ (Lρ, Rρ)A0].

And the related value is defined by

Jf
ρ (A) = Tr[ρA2

0] + Tr[A0mf̃ (Lρ, Rρ)A0].

Now we define

Uf
ρ (A) =

√
Ifρ (A) · Jf

ρ (A).

It is clear that

0 ≤ Ifρ (A) ≤ Uf
ρ (A) ≤ Vρ(A).

For A,B ∈ Mn,sa(C), ρ ∈ Mn,+,1(C) and f ∈ Fr, the Schrödinger type uncertainty relation for

metric adjusted skew information ([29]) is given by

Ifρ (A) · Ifρ (B) ≥ |Corrfρ (A,B)|2.

On the other hand under the condition
x+ 1

2
+ f̃(x) ≥ 2f(x), the Heisenbeg type uncertainty

relation for metric adjusted skew information ([29]) is given by

(1) Uf
ρ (A) · Uf

ρ (B) ≥ f(0)|Tr[ρ[A,B]]|2.
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(2) Uf
ρ (A) · Uf

ρ (B) ≥ 4f(0)|Corrfρ (A,B)|2.

Furthermore we define the generalized metric adjusted skew information as follows. Let g, f ∈ Fr
op

satisfy

(1.1) g(x) ≥ k
(x− 1)2

f(x)

for some k > 0. We define

∆f
g (x) = g(x)− k

(x− 1)2

f(x)
∈ Fop.

When f(x) > 0 on (0,∞), the followings are equaivalent ([17]).

(1) f(x) is operator monotone,

(2)
x− 1

f(x)
is operator monotone,

(3) (x− 1)f(x) is operator convex,

(4)
(x− 1)2

f(x)
is operator convex.

Then since f(x) > 0 on (0,∞), −k (x−1)2

f(x) is operator concave. And also since g(x) is operator

concave, ∆f
g (x) is operator concave. Since ∆

f
g (x) > 0 on (0,∞), ∆f

g (x) is operator monotone. The

generalized metric adjusted skew iformation I
(g,f)
ρ (A) is defined as follows. Let

Corr(g,f)ρ (A,B) = k⟨i[ρ,A0], i[ρ,B0]⟩f

= Tr[A0mg(Lρ, Rρ)B0]− Tr[A0m∆f
g
(Lρ, Rρ)B0],

I(g,f)ρ (A) = Corr(g,f)ρ (A,A)

= Tr[A0mg(Lρ, Rρ)A0]− Tr[A0m∆f
g
(Lρ, Rρ)A0].

And the related value is defined by

J (g,f)
ρ (A) = Tr[A0mg(Lρ, Rρ)A0] + Tr[A0m∆f

g
(Lρ, Rρ)A0].

Now we define

U (g,f)
ρ (A) =

√
I
(g,f)
ρ (A) · J (g,f)

ρ (A).

For A,B ∈ Mn,sa(C), ρ ∈ Mn,+,1(C), the Schrödinger type uncertainty relation for generalized

metric adjusted skew information ([31]) is given by

I(g,f)ρ (A) · I(g,f)ρ (B) ≥ |Corr(g,f)ρ (A,B)|2.
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On the other hand under the condition g(x) +∆f
g (x) ≥ ℓf(x) for some ℓ > 0, the Heisenberg type

uncertainty relation for generalized metric adjusted skew information ([31]) is given by

U (g,f)
ρ (A) · U (g,f)

ρ (B) ≥ kℓ|Tr[ρ[A,B]]|2.

In this paper we give the Schrödinger/Heisenberg type uncertainty relation for generalized quasi-

metric adjusted skew information. In section 2, we define generalized quasi-metric adjusted skew

information and state the theorem. And as application we give the new inequalities for fidelity

and trace distance. In section 3, we propose the sum type of uncertainty relation for generalized

quasi-metric adjusted skew information by extending the norm inequalities. In section 4, we state

the uncertainty relations for quantum channels.

2. Uncertainty Relation for Generalized Quasi-Metric Adjusted Skew

Information

Definition 2.1. For X,Y ∈ Mn(C) and A,B ∈ Mn,+(C), we define the following quantities:

(1) Γ
(g,f)
A,B (X,Y ) = k⟨(LA −RB)X, (LA −RB)Y ⟩f

= kTr[X∗(LA −RB)mf (LA, RB)
−1(LA −RB)Y ]

= Tr[X∗mg(LA, RB)Y ]− Tr[X∗m∆f
g
(LA, RB)Y ],

(2) I
(g,f)
A,B (X) = Γ

(g,f)
A,B (X,X),

(3) Ψ
(g,f)
A,B (X,Y ) = Tr[X∗mg(LA, RB)Y ] + Tr[X∗m∆f

g
(LA, RB)Y ],

(4) J
(g,f)
A,B (X) = Ψ

(g,f)
A,B (X,X),

(5) U
(g,f)
A,B (X) =

√
I
(g,f)
A,B (X) · J (g,f)

A,B (X).

The quantity I
(g,f)
A,B (X) and Γ

(g,f)
A,B (X,Y ) are said generalized quasi-metric adjusted skew informa-

tion and generalized quasi-metric adjusted correlation measure, respectively.

Theorem 2.2 (Schrödinger type, [35]). For f ∈ Fr
op, it holds

I
(g,f)
A,B (X) · I(g,f)A,B (Y ) ≥ |Γ(g,f)

A,B (X,Y )|2 ≥ 1

16

(
I
(g,f)
A,B (X + Y )− I

(g,f)
A,B (X − Y )

)2

,

where X,Y ∈ Mn(C) and A,B ∈ Mn,+(C).
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Theorem 2.3 (Heisenberg type, [35]). For f ∈ Fr
op, if

(2.1) g(x) + ∆f
g (x) ≥ ℓf(x)

for some ℓ > 0, then

(1) U
(g,f)
A,B (X) · U (g,f)

A,B (Y ) ≥ kℓ|Tr[X∗|LA −RB |Y ]|2,

(2) U
(g,f)
A,B (X) · U (g,f)

A,B (Y ) ≥ f(0)2ℓ

k
|Γ(g,f)

A,B (X,Y )|2,

where X,Y ∈ Mn(C) and A,B ∈ Mn,+(C).

We assume that

g(x) =
x+ 1

2
, f(x) = α(1− α)

(x− 1)2

(xα − 1)(x1−α − 1)
, k =

f(0)

2
, ℓ = 2.

Then since (1.1), (2.1) are satisfied, we have the following trace inequality by putting X = Y = I

in Theorem 2.3.

α(1− α)(Tr[|LA −RB |I])2

≤
(
1

2
Tr[A+B]

)2

−
(
1

2
Tr[AαB1−α +A1−αBα]

)2

.

Since

Tr[|LA −RB |I] =
n∑

i=1

n∑
j=1

|λi − µj ||⟨ϕi|ψj⟩|2,

we have

2Tr[AαB1−α]− Tr[A+B − |LA −RB |I]

=

n∑
i=1

n∑
j=1

{2λα
i µ

1−α
j − (λi + µj − |λi − µj |)}|⟨ϕi|ψj⟩|2 ≥ 0.

Then we give the following trace inequality.

1

2
Tr[A+B − |LA −RB |I] ≤ Tr[AαB1−α].

Theorem 2.4 ([33]). We have the following:

1

2
Tr[A+B − |LA −RB |I] ≤ inf

0≤α≤1
Tr[A1−αBα]

≤ Tr[A1/2B1/2] ≤ 1

2
Tr[AαB1−α +A1−αBα]

≤

√(
1

2
Tr[A+B]

)2

− α(1− α) (Tr[|LA −RB |I])2.
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1
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Tr[A+B − |LA −RB |I] ≤ inf

0≤α≤1
Tr[A1−αBα]

≤ Tr[A1/2B1/2] ≤ 1

2
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√(
1

2
Tr[A+B]

)2

− α(1− α) (Tr[|LA −RB |I])2.

Remark 2.5. We have three remarks.

(1) There is no relationship between Tr[|LA −RB |I] and Tr[|A−B|]. Because if

A =

(
3
2

1
2

1
2

3
2

)
, B =

(
4 0
0 1

)
,

then Tr(|LA −RB |I) = 3, Tr(|A−B|) =
√
10.

On the other hand if

A =

(
13
2

7
2

7
2

13
2

)
, B =

(
2 0
0 5

)
,

then Tr(|LA −RB |I) = 8, Tr(|A−B|) =
√
58.

(2) Theorem 2.4 is a generalization of the following result by Powers-Störmer [23] and Audenaert

et [1]:

1

2
Tr[A+B − |A−B|] ≤ inf

0≤α≤1
Tr[A1−αBα]

≤ Tr[A1/2B1/2] ≤

√(
1

2
Tr[A+B]

)2

−
(
1

2
Tr[|A−B|]

)2

.

(3) When A,B ∈ M2,+,1(C), we can prove

Tr[|LA −RB |I] ≤ Tr[|A−B|].

When n ≥ 3, it is a conjecture.

Theorem 2.6 ([33]).

Tr[|A1/2B1/2|] ≥ 1

1 +
√
λ0

Tr[A] +

√
λ0

1 +
√
λ0

(
1

2
Tr[A+B − |A−B|]

)
,

where λ0 is the largest eigenvalue of B−1/2AB−1/2.

3. Sum Type Uncertainty Relation

Theorem 3.1 ([36]). For X,Y ∈ Mn(C), A,B ∈ Mn,+(C), we have the following.

(1) I
(g,f)
A,B (X) + I

(g,f)
A,B (Y ) ≥ 1

2
max{I(g,f)A,B (X + Y ), I

(g,f)
A,B (X − Y )}.

(2)

√
I
(g,f)
A,B (X) +

√
I
(g,f)
A,B (Y ) ≥ max{

√
I
(g,f)
A,B (X + Y ),

√
I
(g,f)
A.B (X − Y )}.
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Theorem 3.2 ([36]). For {Xi}Ni=1, {Yj}Nj=1 ∈ Mn(C), A,B ∈ Mn,+(C), we assume that X∗
i |LA −

RB |Yj = δijC and Condition (2.1) is satisfied. Then (1) and (2) hold. 　

(1)

(
N∑
i=1

U
(g,f)
A,B (Xi)

)


N∑
j=1

U
(g,f)
A,B (Yj)


 ≥ Nkℓ|Tr[C]|2.

(2)

(
N∑
i=1

√
U

(g,f)
A,B (Xi)

)


N∑
j=1

√
U

(g,f)
A,B (Yj)


 ≥ N

√
kℓ|Tr[C]|.

Theorem 3.3 ([36]). For {Xi}Ni=1 ∈ Mn(C), A,B ∈ Mn,+(C), we put

X+ = I
(g,f)
A,B (Xi +Xj), X− = I

(g,f)
A,B (Xi −Xj),

Y = I
(g,f)
A,B (Xi), Z = I

(g,f)
A,B (

N∑
i=1

Xi).

Then (1), (2) and (3) hold.

(1)

N∑
i=1

I
(g,f)
A,B (Xi)

≥ 1

N − 2

∑
1≤i<j≤N

I
(g,f)
A,B (Xi +Xj)−

1

(N − 1)2(N − 2)


∑

i<j

√
I
(g,f)
A,B (Xi +Xj)




2

.

(2)

N∑
i=1

√
I
(g,f)
A,B (Xi) ≥

1

N − 2


∑

i<j

√
I
(g,f)
A,B (Xi +Xj)−

√√√√I
(g,f)
A,B

(
N∑
i=1

Xi

)


≥ 1

N − 1

∑
i<j

√
I
(g,f)
A,B (Xi +Xj) ≥ max





1

N − 2


∑

i<j

√
X+ −

N∑
i=1

√
Y


 ,

√
Z



.

(3)
1

N(N − 1)2






∑

i<j

√
X+




2

+


∑

i<j

√
X−




2




≤
N∑
i=1

I
(g,f)
A,B (Xi) ≤

1

N

∑
i<j

X− +
1

N(N − 1)2


∑

i<j

√
X+




2

.
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Theorem 3.2 ([36]). For {Xi}Ni=1, {Yj}Nj=1 ∈ Mn(C), A,B ∈ Mn,+(C), we assume that X∗
i |LA −

RB |Yj = δijC and Condition (2.1) is satisfied. Then (1) and (2) hold. 　

(1)

(
N∑
i=1

U
(g,f)
A,B (Xi)

)


N∑
j=1

U
(g,f)
A,B (Yj)


 ≥ Nkℓ|Tr[C]|2.

(2)

(
N∑
i=1

√
U

(g,f)
A,B (Xi)

)


N∑
j=1

√
U

(g,f)
A,B (Yj)


 ≥ N

√
kℓ|Tr[C]|.

Theorem 3.3 ([36]). For {Xi}Ni=1 ∈ Mn(C), A,B ∈ Mn,+(C), we put

X+ = I
(g,f)
A,B (Xi +Xj), X− = I

(g,f)
A,B (Xi −Xj),

Y = I
(g,f)
A,B (Xi), Z = I

(g,f)
A,B (

N∑
i=1

Xi).

Then (1), (2) and (3) hold.

(1)

N∑
i=1

I
(g,f)
A,B (Xi)

≥ 1

N − 2

∑
1≤i<j≤N

I
(g,f)
A,B (Xi +Xj)−

1

(N − 1)2(N − 2)


∑

i<j

√
I
(g,f)
A,B (Xi +Xj)




2

.

(2)

N∑
i=1

√
I
(g,f)
A,B (Xi) ≥

1

N − 2


∑

i<j

√
I
(g,f)
A,B (Xi +Xj)−

√√√√I
(g,f)
A,B

(
N∑
i=1

Xi

)


≥ 1

N − 1

∑
i<j

√
I
(g,f)
A,B (Xi +Xj) ≥ max





1

N − 2


∑

i<j

√
X+ −

N∑
i=1

√
Y


 ,

√
Z


.

(3)
1

N(N − 1)2






∑

i<j

√
X+




2

+


∑

i<j

√
X−




2




≤
N∑
i=1

I
(g,f)
A,B (Xi) ≤

1

N

∑
i<j

X− +
1

N(N − 1)2


∑

i<j

√
X+




2

.

Lemma 3.4. Let ∥ · ∥ be the Hilbert-Schmidt norm on Mn(C). For {Ai}Ni=1 ⊂ Mn(C), we

put

U =

N∑
i=1

∥Ai∥, W = ∥
N∑
i=1

Ai∥

V + =
1

N − 1

∑
i<j

∥Ai +Aj∥, V − =
1

N − 1

∑
i<j

∥Ai −Aj∥.

Then the followings hold.

(1) W ≤ V + ≤ U

(2) W + (N − 2)U ≥ (N − 1)V +

(3)
N − 1

N − 2
V + − 1

N − 2
W ≥ V + ≥ max

{
N − 1

N − 2
V + − 1

N − 2
U,W

}

(4) ∥
N∑
i=1

Ai∥2 + (N − 2)

N∑
i=1

∥Ai∥2 =
∑
i<j

∥Ai +Aj∥2

(5)

N∑
i=1

∥Ai∥2 ≤ 1

N


∑

i<j

∥Ai −Aj∥2 + (V +)2




(6)
N∑
i=1

∥Ai∥2 ≥ 1

N

{
(V +)2 + (V −)2

}

Theorem 3.5 (Reverse Inequality of Sum Type Uncertainty Relation, [36]).

(1)

N∑
i=1

√
I
(g,f)
A,B (Xi)

≤
√
2

N − 1

∑
i<j

√
I
(g,f)
A,B (Xi ±Xj)





√
I
(g,f)
A,B (Xi)I

(g,f)
A,B (Xj)√

I
(g,f)
A,B (Xi)I

(g,f)
A,B (Xj)± Re{Γ(g,f)

A,B (Xi, Xj)}





1/2

(2)

N∑
i=1

I
(g,f)
A,B (Xi)

≤ 2

N − 1

∑
i<j

√
I
(g,f)
A,B (Xi)I

(g,f)
A.B (Xj)




I
(g,f)
A,B (Xi ±Xj)√

I
(g,f)
A,B (Xi)I

(g,f)
A,B (Xj)± Re{Γ(g,f)

A,B (Xi, Xj)}
− 1


 .
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Finally we give the sum type of uncertainty relation for entropy.

Theorem 3.6. Let P = (p1, p2, . . . , pN ) and Q = (q1, q2, . . . , qN ) be two probability distributions.

Then the entropies H(P ) and H(Q) have the following uncertainty relation.

H(P ) +H(Q) ≥ 2(1−max{
N∑
i=1

p2i ,

N∑
j=1

q2j }).

Proof. By Corollary 2.4 in [37], we get

N∑
i=1

2pi(1− pi)

1 + pi
≤ H(P ) ≤

N∑
i=1

1− p2i
2

.

Then we have

H(P ) +H(Q) ≥
N∑
i=1

2pi(1− pi)

1 + pi
+

N∑
j=1

2qj(1− qj)

1 + qj

≥
N∑
i=1

pi(1− pi) +

N∑
j=1

qj(1− qj)

= 2− (

N∑
i=1

p2i +

N∑
j=1

q2j )

≥ 2(1−max{
N∑
i=1

p2i ,
N∑
j=1

q2j }).

□

4. Generalized Quasi-Metric Adjusted Skew Information based Uncertainty

Relations for Quantum Channels

For a quantum state ρ ∈ Mn,+,1(C) and an arbitrary quantum channel Φ with Kraus represen-

tation Φ(ρ) =
∑

i KiρK
∗
i , the coherence of quantum state ρ with respect ro the general quantum

channel Φ is defined by

I(ρ,Φ) =
∑
i

I(g,f)ρ,ρ (Ki).

From the definition of I(ρ,Φ), we see that it depends on both the quantum state and the

quantum channel, and characterizes some intrinsic feature of the state-channel interaction. Let
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≥ 2(1−max{
N∑
i=1

p2i ,
N∑
j=1

q2j }).

□

4. Generalized Quasi-Metric Adjusted Skew Information based Uncertainty

Relations for Quantum Channels

For a quantum state ρ ∈ Mn,+,1(C) and an arbitrary quantum channel Φ with Kraus represen-

tation Φ(ρ) =
∑

i KiρK
∗
i , the coherence of quantum state ρ with respect ro the general quantum

channel Φ is defined by

I(ρ,Φ) =
∑
i

I(g,f)ρ,ρ (Ki).

From the definition of I(ρ,Φ), we see that it depends on both the quantum state and the

quantum channel, and characterizes some intrinsic feature of the state-channel interaction. Let

ρ =

n∑
j=1

λj |ϕj⟩⟨ϕj | be a spectral decomposition. Then

I(ρ,Φ) =
∑
i

∑
j,,k

(mg(λj , λk)−m∆f
g
(λj , λk))|⟨ϕj |Ki|ϕk⟩|2

=
∑
i

∑
j ̸=k

(mg(λj , λk)−m∆f
g
(λj , λk))|⟨ϕj |Ki|ϕk⟩|2.

We state sum type uncertainty relation for general quantum channels.

Theorem 4.1. Let Φ and Ψ be two quantum channels with Krause representaions Φ(ρ) =
∑n

i=1 EiρE
∗
i ,

Ψ(ρ) =
∑n

i=1 LiρL
∗
i , respectively. Then

I(ρ,Φ) + I(ρ,Ψ)

≥ max
π∈Sn

1

2

n∑
i=1

max{I(g,f)ρ,ρ (Ei + Lπ(i)), I
(g,f)
ρ.ρ (Ei − Lπ(i))},

where Sn is the n-element permutation group and π ∈ Sn is an arbitrary n-element permutation.

The proof is given by Theorem 3.1 (1).

Let g(x) = x+1
2 , f(x) = α(1− α) (x−1)2

(xα−1)(x1−α−1) and k = f(0)
2 = α(1−α)

2 . Then we have

I(ρ,Φ) =
1

2

∑
i

∑
j ̸=k

(λα
j − λα

k )(λ
1−α
j − λ1−α

k )|⟨ϕj |Ki|ϕk⟩|2.

We assume that α = 1
2 and give three examples.

Example 4.2. (1) Phase damping channel

Φ(ρ) =
2∑

i=1

KiρK
∗
i

with

K1 = |0⟩⟨0|+
√
1− p|1⟩⟨1|, K2 =

√
p|1⟩⟨1|, 0 ≤ p ≤ 1.

(2) Amplitude damping channel

Ψ(ρ) =
2∑

i=1

LiρL
∗
i

with

L1 = |0⟩⟨0|+
√
1− p|1⟩⟨1|, L2 =

√
p|0⟩⟨1|, 0 ≤ p ≤ 1.

(3) Other channel

Ξ(ρ) =
2∑

i=1

EiρE
∗
i
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with

E1 = |0⟩⟨1|+
√
1− p|1⟩⟨0|, E2 =

√
p|1⟩⟨0|, 0 ≤ p ≤ 1.

Then for an arbitrary qubit state ρ = 1
2 (I+ r · σ), where I is the identity operator, r = (r1, r2, r3)

is a real three-dimensional vector such that |r|2 = r21 + r22 + r33 ≤ 1, σ = (σx, σy, σz) are the Pauli

matrices, we have

I(ρ,Φ) =
(1−

√
1− p)(r21 + r22)

2s
,

I(ρ,Ψ) =
(1−

√
1− p)(r21 + r22) + pr23

2s
,

I(ρ,Ξ) =
|r|2 + r23 −

√
1− p(r21 − r22)

2s

where s = 1+
√

1− |r|2. These three quantities characterizes the difference of the three channels

from an information-theoretic perspective.
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