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Abstract

The present note records an observation that the K-stability of C*-algebras is invariant under

shape equivalence in the sense of Blackadar [1].

1 Introduction

For a unital C*-algebra A, GL,(A) denotes the group of all invertible n x n-matrices over A. Tt
is, as a topological space, homotopy equivalent to the group of unitaries U, (A). The canonical

inclusion

GL,(A) = GL,4+1(A) (1)

is defined by a — diag(a,14), a € GL,(A). A unital C*-algebra A is said to be K-stable ([7]) if for
each n > 1 and for each k > 0, the inclusion (1) induces an isomorphism between k-th homotopy

groups:
Tk (GLin (A)) = mi (GLi41(A4)), (2)

in other words, the inclusion map (1) is a homotopy equivalence for each n > 1. The irrational
rotation algebra, the Cuntz algebras, and simple AF algebras are examples of K-stable algebras
([3], [4], [7]). Also for each finite dimensional compact metrizable space X, a C(X)-algebra (see

[8, Appendix C]) A is K-stable if the fiber A(z) is K-stable for each € X ([5]). For each such

algebra A, we have an isomorphism

Tk (GLn (A))
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for each n > 1.
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Two #-homomorphisms ¢, : A — B between C*-algebras A and B are said to be homotopic,
written as ¢ =~ 1, if there exists a one-parameter family (¢; : A — B);e[o,1) of *-homomorphisms

(called a homotopy) such that ¢g = ¢, ¢1 = ¢, and for each a € A, the map [0, 1] — B defined by
t— (]5,5 (a)

is continuous. Two C*-algebras A and B are said to be homotopy equivalent if there exist
s-homomorphisms ¢ : A — B,1 : B — A such that p ot >~ idp,1 o ¢ ~ id4. The K-stability
of a C*-algebra is a homotopy invariant property: if A and B are homotopy equivalent, then A is

K-stable if and only if B is K-stable.

Topological shape theory, originated by K. Borsuk, studies topological spaces under the notion
of shape equivalence. It is aimed to study spaces that exhibit ”wild” local behavior from homotopy-
theoretic view point. Two topological spaces are homotopy equivalent, then they are always shape
equivalent, but the converse does not hold in general (see [2]). The topological shape theory
has been most successful for the class of compact metrizable spaces. Seeking a non-commutative
analogue of topological shape theory, Blackadar [1] systematically developed shape theory for
separable C*-algebras. The theory reduces to topological shape theory for compact metrizable
spaces when restricted to commutative unital C*-algebras. As in topological shape theory, two
C*-algebras A and B are shape equivalent in the sense of [1] if they are homotopy equivalent.

The present note records an observation that the K-stability is invariant under shape equivalence.
The proof is very simple and straightforward, yet the fact seems unnoticed in the literature. The
author hopes that the observation enlarges the class of K-stable C*-algebras and gives an insight

to the non-stable K-theory ([7]).

2 Result

First we recall the notion of shape equivalence of [1]. Throughout all C*-algebras and all
x-homomorphisms are assumed to be unital for simplicity. The standard modification described
in [7] allows us to extend the result for general (not necessarily unital) C*-algebras. All ideals of
C* algebras are assumed to be closed and two-sided. For two ideals I, J of a C*-algebra A with

ICJ,mry:AJ/I — A/J denotes the canonical projection.

Definition 2.1. A x-homomorphism ¢ : A — B is said to be semiprojective if, for each C*-algebra
C' and for each increasing sequence (J,) of ideals with U,J, = J and for each x-homomorphism

o : B — C/J, there exist an integer n and a x-homomorphism ¢ : A — C/J,, such that o0 o ¢ =
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my,70%. If b can always be chosen as a x-homomorphism A — C, then ¢ is said to be projective.
A C*-algebra A is said to be projective (resp. semiprojective) if id 4 is projective (resp. semipro-

jective).

C

|

C/J,

For a compact metrizable space X, the commutative C*-algebra C'(X) is semiprojective, with all
algebras involved in the above definition being unital commutative C*-algebras, if and only if X
is an absolute neighborhood retract (ANR) [1, Proposition 2.11]. This indicates that the notion
of semiprojective C*-algebras is a non-commutative analogue of that of ANR spaces. The next
theorem corresponds to the fact that every compact metrizable space is the limit of an inverse

sequence of compact ANR’s [2].

Theorem 2.2. [1, Theorem 4.3] For every separable (unital) C*-algebra A, there exists an induc-

tive sequence of C*-algebras and x-homomorphisms

Yi—1

Al 71 A2 Y2 Az’ Yi Ai+1 L (3)

such that A = ligi(Ai,'yi) and each ~y; 1s semiprojective.

In the above sequence, for integers i,j with i < j, let v;; be the composition given by v;; =
Vj—10---0v; : A; = A;. The above theorem allows us to introduce the notion of shape equivalence

as follows.

Definition 2.3. Let A, B be two C*-algebras and let (A;,~v;i : Ay — A1) and (B, 6; : B —
Biy1) be inductive sequences as in (3) such that A = ligi(Ai,%-) and B = hgi(Bi,di). We say
that A and B are shape equivalent if there exist subsequences (my), (ng) of positive integers and

k-homomorphisms (o © Am, — B )k, (Bk @ Bn), = Am,+1)k such that

Bk Ok = Tmypmypq1s

ak+1 o ﬁk =~ 6nknk+1 (4)

for each k.

— 249 —



<

B,, —> B
nknk+1

MNk+41

It follows from [1, Theorem 4.8] that the above condition does not depend on the choice of the

inductive sequences (4;,v;) and (B;,d;). Now our result is stated as follows.

Main Theorem. Let A, B be two unital shape equivalent C*-algebra. Then A is K-stable if and
only if B is K-stable.

We start with the next lemma.

Lemma 2.4. Let (¢, : A — B)o<i<1 be a one-parameter family that gives a homotopy between ¢
and @1, and define ® : A x [0,1] — B by

O(a,t) = pi(a), (a,t) € Ax[0,1].
Then the map ® is continuous.

Proof. Assume that a sequence {(ay,t,)} of points of Ax[0, 1] converges to a point (a,t) € Ax|[0,1].
We have

[ (an, tn) = (a, )| < [|(an, tn) — P(a,tn)]| + [|2(a; tn) — B(a,1)
= ller, (an) = er, (@)l + e, (@) = @i(a)]
< lan = afl + [z, (a) = @e(a)l],

where the last inequality follows from the fact that each *-homomorphism is norm non-increasing.
By the hypothesis, the last term converges to zero as n — oo and we see that the sequence

{®(an,tn)} converges to ®(a,t). O

The above lemma implies that the map GL,(®) : GL,(A4) x [0,1] — GL,(B); ((ai;),t)
(pe(aij)) ((aij) € GL,(A)), is continuous for each positive integer n.

Proof of Main Theorem. Let A, B be two shape equivalent C*-algebras and let
(Ai,vi), (B;,0;) be inductive sequences as in (3) with A = lig(Ai,%-LB = lim(B;,d;).
There exist sequences (myg), (ny) of positive integers and x-homomorphisms («y : A, — Bn, )k,

(Bk : Bn, — Am,+1)k required in (4). Passing to the j-th homotopy groups with the aid of
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Lemma 2.4, we obtain the following commutative diagram, where the induced homomorphisms
are indicated by the same symbol for simplicity:

Ympmp 41 Ymp 100

ﬂ-j(GLn (Amk)) — Ty (GLW(Amk+1)) - h_H)lk WJ(GLH (Amk))

ai n V41 lirg, ok
By,

7j(GLn(Bn,)) s 7 (GLy (B, 1)) Tk; ligk 7j(GLy(Bn,,))

5”k"k+1

We can directly verify that the limit homomorphism lim, ojt : lim 7 (GLn(Ar,)) —
lim, 7 (GL,,(By,)) is an isomorphism of groups with the inverse homomorphism limy By

The inclusions ile,k : GL,(Am,) — GLp+1(4,,,) and iﬁk : GL,(By,) = GLp4+1(By,) induce
homomorphisms of homotopy groups. Passing to the inductive limit, we obtain homomorphisms
lim, i, i, 75 (GLo(Any)) = lim, 75(GLag1 (A,)) and L 8, ¢ lim, 75(GLa(Ba,)) —
lim 7;(GLynt1(Br,)). It is straightforward to verify that the following diagram is commutative:

lim i
. lirg, 4735
hﬂk 7j(GLn (Am,.)) > hﬂk 7j(GLn41(Amy))
iliglk ap llir : a;+1

lim, 7;(GLn(Bn,)) @)kh_rf}k 7j(GLn+1(Bn,))
ook

Since li_n>1k o) and %ﬂk ozZH are both isomorphisms, we see that
. ,A . . . . . . ,B .
() hﬂk i, . 1s an isomorphism if and only if h_r>nlc Uy g 1S
an isomorphism.

By [6, Proposition 1.4], we have an isomorphism m;(GL,(A)) = lim 7 (GLy (A, )) in such a

way that the diagram below is commutative:

7;(GLn(A)) T (GLn11(A))

i lig i l

li_r}nk 7 (GLn(Am,)) —— h_1>nk 7j(GLnt1(Amy))

where i} denotes the homomorphism induced by the inclusion. The same holds for the induced
homomorphism iZ : 7;(GL,(B)) — 7;(GL,+1(B)). Combining these with (x), we see that i is
an isomorphism if and only if i is an isomorphism, for each n > 1 and for each k > 0.

This proves Main Theorem.
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