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2001 £E1C, ZEH1d r-distance ZEA L, FRA GEREZST-.

T 1 ([3]). Let (X, d) be a metric space. Then a function p from X x X into [0, o) is called a
r-distance on X if there exists a function # from X [0, c©) into [0, ) and the following are satisfied:
(1) plx, 2)<p(x, y)+ p(y, 2) for any x, 5,z € X.
(z2) n(x,0)= 0 and n(x, )> ¢t for any x € X and ¢ € [0, ), and 5 is concave and continuous in
its second variable.
(r3) lim, x, = x and lim, sup{n (2, p(z, x,)): m > n}= 0 imply p(w, x)< lim inf, p (w, x,) for any w
e X.
(r4) lim, sup{p (x, ¥,,) : m = n}= 0 and lim, 7 (x,, £,) = 0 imply lim, 7 (v, t,)= 0.
(¢5) lim, 7 (z,, p(z, x,))=0 and lim, 7 (z,, p(z, ¥,))= 0 imply lim, d(x,, ¥,)= 0.

(r 1) B=ARERZFOEDEDT, rdistance FFEMBEEUCIEEIEWEETH S, £/, HHEEES
o d X vdistance D 1 DTH 5. EFE, ROX S ICFHHICFIATE 5.

5] 2. Let(X, d)be a metric space. Then d is a r-distance on X with 7 =((x, )~ ¢).
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SEPFH. (¢ 1) obviously holds because it is the triangle inequality. From the definition of #, (z 2) and

(z4) hold. Since d is continuous, (z 3) holds. lim, d(z,, x,)= lim, d(z,, x,)= 0 implies

lim d(z,,y,) < lim (d(zn, 2n) + (20, y5)) = 0.

n—oo n—o0

Thus, (r5) holds. Therefore d is a z-distance. L]

FUEMN5DEHZDT, —HT 5 & rdistance I FFARREDICEZ B0 EHNEN. LM LEDDS,
Z < D rdistance DFINFHET 2 &, BRY, %ikd % w-distance N"HOMNEH O, FEHICL -
TWEHEAGLDICE ATz, £z vdistance ZEAT BICH2D, 20 LA LOEMAZBBKRL, ZTOHT—
FXNE D% rdistance DIEFK L LIcDT, MK, EFIAFZR > T [3] ZF& LTz,

Z D% Lin & Dul2] I X > T 2006 FFICE A X N iz efunction ICFE TN T, 2017 4IC 7-distance &
WO R ZEA LTz

E# 3 ([5]). Let(X, d) be a metric space and let p be a function from X X X into[0, o). Then p is
called a 7-distance on X if the following hold:
(1) p(x, 2) <plx, y)+ p(y, 2) forany x, v, z € X.
('2) If lim, sup{p(z, z,): m > n} = 0 and lim, p(z, x,)= 0, then lim, d(z,, x,)= 0. Moreover if {x,}
converges to some x € X, then p(w, x) <lim inf, p(w, x,) for any w € X.
('3) If lim, p(z, x,)= 0, then lim, d(x,, x,.;)= 0 holds. Moreover if {xn} converges to some x € X,

then p(w, x)< lim inf, p (w, x,) for any w € X.

7-distance &5 ZHIZ(HFT2DIE, [wdistance DFHERR] LWV IEEREWEADBT2HTH 5.
UL, HAHTIERS XS, wdistance 7 51X r-distance TH D, WL LW EIEEFEET 5
7z¥, 7-distance & r-distance & D EEICHTHNEMETH 2. Lieh->T, [HEE] &0 5 HEEE, B
FENTFSEDLL7FR0.

w-distance 238 A U7z 2001 fFIC 7-distance DEFRZ Az 5, FEHIFARZERLFZEA RN -7T
HA5. L LEMND, TORZENTND 2023 FR T, EHIC L > T r-distance D HIRIC
RZ%. ARETE, TOUDRKDVWTHFILIZNEEZTNS.

2. r-distance DEA

AHITIE, wdistance DA F TO/NFEHZEIRRTZW. wdistance HVE A XN SR, 1996 4, KD
w-distance DEA TNz,
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E% 4 (Kada, Suzuki and Takahashi [1]). Let(X, d) be a metric space and let p be a function from
X x X into [0, c©). Then p is called a w-distance on X if the following hold:

(wl) plr,2)<plx,y)+ p(y, z) forallx, y, z € X.

(w 2) pis lower semicontinuous in its second variable.

(w 3) For each ¢ > 0, there exists d > 0 such that p(z,x) <J and p(z, v) <J imply d(x, v) <e.

FEBEREEY d 7 w-distance TH 575 E, £ < D w-distance DFINH % (r-distance & D IZD7RVH..).
X7, HNEBROARE ER® Ekeland DZE D AEHFENXD w-distance IR T BT &, BXT, TN
F TOBEZEMIC I 2 2 DF(EEM % w-distance ZiB L THZ EHELLT KB T EEHEND,
w-distance DEAFEZEND > 72 LEZHIIK L TN 5.

RD K 5 IS PEBEE R 72 K NEAGMW AN R 2 R 5D & & TR U 2T W EREE RS 5.

TEIE 5 (Suzuki and Takahashi [7]). Let(X, d) be a metric space. Then the following are equivalent:
(i) X is complete.
(ii) Every contraction on X with respect to w-distance has a fixed point.
That is, if a mapping 7" on X satisfies
p(Tx, Ty) <rd(x, ) (Vx,y € X)

for some w-distance p and » € [0, 1), then 7 has a fixed point.

w-distance D 3 &M DWTERT HH0IC, FHEEBIE d DR DOMHEICOWTHER L2V, ZARER
%, BB OERDO B TH 5. dITHEFEKTHS. Lich->T, H2EBICEHL TR TH
3. [z&xDFEHMN0IEL Tz &y OFFEEN 01TV E Z, 1 &y DFEEEN 0 1SEV ] 205 DIdIE
WICHR R L DX ICEZS.
w-distance p 1%, FEEERIE d DEFICHHN D ROLEME 00T LU STz S,
e plx, x)=0.
e px,y)=0 = zx=y
*p(xy)=p x)
EIE, KOK S ImA\T T AIEFIDFET .

5] 6. Let(X, d) be a metric space and fix » € X. Define a function p from X x X into [0, ) by
px y)=4d(v,y)
for x, y € X. Then p is a w-distance.

D EZESFEZT, wdistance D IEFICDVTERLTHALD. £9, (wl) 1 pIicBIT % =A1%E
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RTHB. (w2) 326 22BUCEIT 2 F1EfE CH 5. T TEEICKRSDON, HEMHEEMHZME -
TEHSNED, TOMMISHEMER d PEERIND LWVS T LETHD. I4DEL, dDALEWVS 1
DORETIFEL, w-distance ICDWVWTEZZEWVWS T LIF, dEpD2DORERFRICEZD T &
RS S, TOTENHEICZZDON (w3) ThHb. plz, x)= plx, 2) DRIZLIEZNDT, plz x) Z
[z DxZREp THRZ] EIRT 2L, (w3) FROEIICHRINTE 5.
e pEVIRETzNE x NOHEENIEL, D, pEWVIRET 2D y ORI TN & Z,
dEVOSRETx &yl
% 1C Tataru O FREE (FEF7) & Zhong DEHEE (iE £ 8) M w-distance TR\ T &M Hh D,
w-distance 558 2 EEN N T E 7.

EF 7 (Tatarul8]). Let {T(»): ¢t € [0, )} be a strongly continuous semigroup of nonexpansive
mappings on a subset X of a Banach space. That is, the following hold:

(sgl) For each t € [0, o), T(#) is a nonexpansive mapping on X, ie.,

1T () x— T @)yl < e =yl
forallx,y € X.

(sg2) T(0)x =xforallx € X.

(sg3) T(s+ 1) =T(s) o T(t) for all s, t € [0, ).

(sg4) For each x € X, the mapping 7'(-)x from [0, c) into X is continuous.
Then the function p from X X X into [0, c©) defined by

Pl y) =inf{t +|T(W)x—yll: t € [0, o)}

for all x, y € X is called Tataru’s distance.

E% 8 (Zhong[9]). Let(X, d) be a metric space and let & be a nonincreasing function from [0, o)
into (0, %) satisfying [,  b(f) dt = . Fix z € X. Then the function p from X X X into [0, o)
defined by
d(z,x)+d(z,y)
o) = [ b(t) dt
d(z,z)
for all x, y € X is called Zhong’s distance.

BARINCIE, (w3) HWRT E T, w-distance <25 ENTERVL. FRLEX DI, (w3) WD
DI, pEVIRETENENSIEDE dEVIRETENEWVWS EODEERTH>z. TOMFREL
SV LBELT B, By AL, 200 (B) ThHb. ZDO LT, FECHKZ EMNIHTE
&I, BBnic (2) & () LI &Mz

iz, MLEHZMEIL, (w2) &AL LTHRNT EDNN 272D T, FHEEHGZENIIATE S
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TEDICHELRRERTHED S LUz, Thh (13) TH 5.

3. Tt '-distance

HIfiTlE, wdistance D 5 EMENEZ HEINIZNE XD, WTICZDEEREWVICDW T Lz, &K
fifiTiE, rdistance & r-distance Z [L#Ld B Ei1IC, -distance D 3 Z&fFO M2 fRFH L 7200

7-distance (XD Condition (CL) £ WS E&hEEZ 2 LT %%, CL £\ 5 Did Cauchy
Hl& RAEEE: (Lower semicontinuity) DEENFEMN S X —I V7 ENT V5.

E& 9 ([6]). Let p be a r-distance on a metric space (X, d). Let {x,} be a sequence in X. Then {x,}
is said to satisfy Condition(CL) if the following hold:
(CL1) {x,} is a Cauchy sequence in the usual sense.
(CL2) Either of the following hold:
e {x,} does not converge.

o If {x,} converges to x, then p(w, x) < lim inf, p(w, x,) holds for any w € X.

EEEIE 10 ([6]). Let(X, d) be a metric space and let p be a function from X X X into [0, o)
satisfying (¢'2). Let {z,} be a sequence in X satisfying lim, sup{p(z, z,): m > n} = 0. Then the
following hold:
(i) If a sequenceix,! in X satisfies lim, p(z, x,) = 0, then {x,} satisfies Condition(CL) and lim,
d(z, x,) = 0 holds.
(ii) {z,} satisfies Condition (CL).

#BIEE 11 ([6]). Let(X, d) be a metric space and let p be a function from X X X into [0, o)
satisfying ('3). Let {x,} be a sequence in X satisfying lim, p(z, x,) = 0 for some z € X. Then the
following hold:

(i) {x,} satisfies Condition(CL).

(ii) If a sequence {y,} in X also satisfies lim, p(z, y,) = 0, then lim, d(x,, y,) = 0 holds.

FowBEE WA £, r-distance ERXD KX S ICEEZM|I E5N5.

fEd 12. Let(X, d) be a metric space and let p be a function from X X X into [0, ). Then p is a
7-distance if and only if the following hold:

(@1) p(x,2) <p(x,v) + p(y,2) for any x, v, z € X.

(v'2) If lim, sup{p(z, z,): m > n} = 0 and lim, p(z, x,) = 0, then lim, d(z,, x,) = 0 holds and {x,}
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satisfies Condition (CL).
(v3) If lim, p(z, x,) = 0, then {x,} satisfies Condition(CL).
¥, WEEHE 10 EHIEHE 11 D, FTNTEN, ROGHEHBIEENMESENS.

FHBNEIE 13. Let(X, d) and p be as in Lemma 10. Let z € X satisfy p(z, z) = 0. Then the following
hold:
(i) If a sequence {x,} in X satisfies lim, p(z, x,) = 0, then {x,} satisfies Condition(CL) and lim,
d(z, x,) = 0 holds.
(i) If x € X satisfies p(z, x) = 0, then z = x holds.

EEEIE 14. Let(X, d) and p be as in Lemma 11. If p(z, x) = p(z, ) = 0 holds, then x = ¥ holds.
M/ NEAGDOAF SUEHZFEH L THA XD,

T 15. Let(X, d) be a complete metric space and let p be a 7-distance on X. Let 7 be a mapping
on X. Assume that there exists » € [0, 1) satisfying

p(Tx, Ty) <7p(x, )
for all v, y € X. Then T has a unique fixed point z. Moreover p(z, z) = 0 holds and {7”x} converges
to z for any x € X.

fEBA. Fix # € X. For m, n € N with m > n, we have

m—1 m—1
p(T"u, T™u) < Zp(ij Tity) < Z 7 p(u, Tu)
j=n j=n

. g
< J Tu) = —— T
<D ptenT) = 1 p(e )

and hence

N2

lim sup p(T"u, T™u) < lim

n—oo m>n n—oo — T

p(u, Tu) = 0.

By Lemma 10, {7"«} satisfies Condition (CL). Since X is complete, {7"%} converges to some z € X.
We have

lim p(T"u, Tz) < lim rp(T" ', z) < lim liminf r p(T™ 'u, T™u)

n—o00 n—00 n—00 M—00
,',.'n,
< lim p(u, Tu) = 0.
n—oo | — 1

By (¢2), {T"u} converges to Tz. Hence Tz = z holds. We also have
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p(z,2) = lim p(T"2,T"z) < lim r"p(z,z) = 0.

n—o0 n—o0

In order to show the uniqueness of z, let w be a fixed point of 7. Then we have
bz, w)=p(Tz, Tw) <rp(z, w).
and hence p(z, w) = 0. By Lemma 13, we obtain z = w. Therefore the fixed point z is unique. L]
RICHEIE D Ekeland OE D AERZFAL TH XS, () & (i) 2729 o OFEICET 2RI A
h&d 5.

T 16 ([4, 6]). Let(X, d) be a complete metric space and let p be a 7-distance on X. Let f be a
function from X into (—oo, +oo] which is proper lower semicontinuous and bounded from below.
Then for # € X, there exists v € X satisfying the following:
(@) f(v) < flu).
(i) flw) > f(v) =p(v, w) for all w € X \ {v}.
(iii) If a sequence {x,} in X satisfies lim, (f(x,) + p(», x,)) = f(v), then {x,} satisfies Condition (CL);
and lim, x, = v and p(v, v) = lim, p(v, x,) = 0 hold.

SEPA. We note that(x, y)~(1/2) p(x, ) is also a =-distance on X. We know that there exists v € X
such that f(v) < f(u) and f(w) > f(v) = (1/2) p(v, w) for all w € X \ {v}. It is easy to show that v

satisfies (i) and (ii). Let us prove (iii). Let {x,} be a sequence in X satisfying lim, (f(x,) + p(v, x,))

= f(v),
Since
Sfx,) > fw) = (1/2) p(v, x,),
we have
p(x,) <2(fx,) +p(v,x,) —f(0)
and hence

lim p(v,x,) < lEn 2 (f(zn) +p(v,2,) — f(v)) = 0.

n—o0
By Lemma 11, {x,} satisfies Condition(CL). Since X is complete, {x,} converges to some x € X. We
have
p(v, z) <liminf p(v,z,) = 0.

n—oo

We also have
f(z) <liminf f(z,) < lim (f(z,) +p(v,z,)) = f().

n—oQ n—00
Thus, if v #x, then we have

fx) > f(v) = (1/2) p(v,x) = f(v) = fx).

This is a contradiction. Hence we obtain » = x. This completes the proof. []
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i 12 & FECOIFIAN S5 X 91, tdistance D 3 S I EECEFRZ AT % 12 DI 5 sk
PENEBEMNICEERE N TV AN D 5. Fiz (¢2) & (3) BB CESFNCL NG 5.

4. 7-DISTANCE & 7 '-DISTANCE D LEER

AHiTlE, wdistance & 7-distance DI ETTS . FFIC, [wdistance 7% 51X 7-distance TH 3| T &
Ziim S B.

% 3HITIE, Condition(CL) & W MEZZHWT, r-distance I DWW TR L7z, AREI Tl p-Cauchy
EWVWIHHERAE VT, wdistance & DWW TR L7200,

E# 17 ([3]). Let p be a rdistance on a metric space (X, d). Then a sequence {x,} in X is called
p-Cauchy if there exist a function # from X x [0, c©) into [0, o) satisfying (z2)-(z5) and a sequence
{z,} in X such that lim, sup {n(z,, p(z, x,)): m > n} = 0.

p-Cauchy ICFAUT, LUFOMHBIERMNKILT 5.

FHBHEIE 18 ([3]). Let p be a z-distance on a metric space (X, d). If {x,} is a p-Cauchy sequence,

then {x,} is a Cauchy sequence in the usual sense.

FEEEIE 19 ([3]). Let p be a r-distance on a metric space (X, d). If a sequence {x,} in X satisfies
lim, sup {p(x, x,): m > n} =0, then {x,} is a p-Cauchy sequence. Moreover if a sequence {v,} in X

satisfies lim, p(x, v,) = 0, then {y,} is also a p-Cauchy sequence and lim, d(x,, y,) = 0.

FHBIEIE 20 ([3]). Let p be a =distance on a metric space (X, d). If a sequence {x,} in X satisfies
lim, p(z, x,) = 0 for some z € X, then {x,} is a p-Cauchy sequence. Moreover, if a sequence {y,} in X
also satisfies lim, p(z, v,) = 0, then lim, d(x,, ¥,) = 0. In particular for x, v, z € X, p(z, x) = 0 and
p(z,y) =0 imply x = y.

MENEEL 18 & (13) Kb, DIFNOHFHEIERIAA D 7D,

FHBNEIE 21. Let p be a r-distance on a metric space(X, d) and let {x,} be a p-Cauchy sequence.
Then {x,} satisfies Condition(CL).

COMBERICX D, MHBIE 19 LMBIEFE 20 I3 % [p-Cauchy TH 5] OER/ME [Condition
(CL) ZHifzd | ICEEWMAZ T EMTES. TDXIICT L, FHBIEH 19N SMmE 12D (72) A
5. [FRC, WBERE 20 h 5 12 D (¥3) BGLT 5. LIeh> T, ROMENEHTES.
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foEd 22 ([6]). Let p be a r-distance on a metric space (X, d). Then p is a 7-distance.

93 HITam U7z K 91, -distance l& Condition (CL) ZHUDICHEZ TW 5. — /5T, rdistance (&
p-Cauchy EWHSHESD, BN TEZIE, TOicEs D, TOWESZEHAWT, rdistance DIRMESE!:# G
WRTETIFWERW. ZFUT, MBER 2112 Xk D, p-Cauchy DJ7HY Condition (CL) K D iRWEHICin%.
Z LT, D% vdistance DJ5M -distance K D EFRNEIFICRS.

& 51T, rdistance M 7-distance & D E EICTHWEZMNTH D T &M M- T, KB, r-distance
TH->C, rdistance THEWHINEET S, BHICHRTZT LIETERNDT, T TlEEL. [6]
ZBIRDT L.

%7z, r-distance Tl&, (72) & (¢3) Z 0B CE7. LA L, wdistance TEXZDEXS%ET LIFTE
AN

BIE £ TR E Nz wdistance 1B B(FEER (EH 15 EH 16 O K 5 RFAEEM) &, IXT
p-Cauchy /"5 Condition(CL) Z#H L CREHHENTWA DT, ftHEZZEZ % 7% <, -distance I
BT 2FEEHZAAT 52 MW TE 5. FEEHLS TIE, r-distance IC K U THIZLTWVT,
r-distance 10 U TR HIBIERNH 5. REZRICINSDOHENS 2 DFFT Lz,

#HBNEEE 23 ([5]). Let p be a 7-distance on a metric space (X, d) and let z € X be fixed. Let b be
a nonincreasing function from [0, c) into (0, ) with [,”6(#) dt = oo. Then a function q from X X
X into [0, o) defined by
p(z,2)+p(z,y)
o) = [ b(t) dt
p(z,7)

for x, y € X is also a 7-distance on X.

FBENEIE 24 ([5]). Let(X, d) be a metric space. Let {p; : j € J} be a set of 7-distances on X. If a
function ¢ defined by
q(z,y) = supp;(z,y)
jeJ
is a real-valued function, then ¢ is a 7-distance on X.

i/ & -distance M5, HID 7-distance ZEK T 2 MEEH TH 50, N5 D r-distance hithd
OO E S WEHARHTH 5.

D EoiEmc kb, EFIIBIRS T, -distance D5 r-distance XD & HARICR A TWVWA. DT
N S TZEREICDWTIE, K< > Tz, p-Cauchy % Condition (CL) 129 % (¢3) DZE|MN
Mmook, Fhkd, wdistance ZHWTERHLIZh 5728 D% 1 £V 1 DOEETDOLBT EMNT
TR BiRDh. TNE EMICIRRNS % DH.

7-distance DEAIC K - T, w-distance M HUFE o Fz—@HDOWFFLIC O & £ XY D M7z & EH T
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BEATWS. FHEN 2001 FRRTERTAEBHERICE R S T8, FRREVWSXRBEEHDD,
—/TC, RN D, FERICHREN S AICHER LU THAN >tV %58 H 5.
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